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SUMMARY
This thesis describes theoretical and experimental investigations 
into the behaviour of concrete under uniaxial and multiaxial stresses,
A simple theoretical approach is used to obtain relationships 
between the properties of concrete and those of its constituents for 
different aggregate volume concentrations. It is shown that the theory 
is in general agreement with the results obtained on a range of concretes 
tested in uniaxial compression,
A stochastic model, based on progressive failure is used to relate 
the uniaxial compressive strength of concrete to the water/cement ratio, 
aggregate grading and aggregate volume concentration. It is shown that 
the deduced expression may, for certain conditions, be simplified to 
give Abrams law. Some experimental results are given which enable the 
constants in the deduced expression to be obtained.
Results are given of an investigation into the influence of mix 
proportions and specimen age on the strength and stress-strain behaviour 
of concrete in triaxial compression, extension and tension plus biaxial 
compression, A general failure criterion is given in which the major 
principal stress at failure is expressed as a simple fuction of minor 
principal stress, uniaxial compressive strength and estimated uniaxial 
tensile strength. This general failure criterion is shown to be in 
reasonable agreement with the results obtained on a range of conventional 
concretes.
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CHAPTER 1 
CONCRETE
The three primary components of concrete are, cement, water and 
aggregate. These components combine on mixing and curing to form a 
solid comprising a dispersion of aggregate particles in a cement paste 
matrix,
Portland cement is a finely ground powder with grain sizes in 
the range 1 to 100 p.m and with a density of about 3150 kg/m^. The 
main components of ordinary Portland cement (O.P.C.) are tricalcium 
silicate (c^S*), dicalcium silicate (G2S*), tricalcium aluminate 
(C^A^) and tricalcium aluminoferrite(C^AP^) (Neville, 1963). These 
are not pure compounds but contain oxides in solid solution. In the 
presence of water the four main compounds of OPC hydrate to form 
primarily calcium silicate hydrates, tricalcium aluminate hydrate and 
calcium hydroxide* In time a hard cement paste is formed. Hydration 
does not cease when the paste hardens but continues until insufficient 
water is available for additional hydration or until the "free" water 
is unable to reach the unhydrated cement. As hydration continues the 
paste porosity falls and the strength and stiffness of the paste 
increases.
The aggregates are naturally occurring gravels or crushed rock 
material or alternatively lightweight materials which are often made 
from industrial by-products. Although lightweight aggregate is being 
used on an increasing scale most aggregate used is rock which in 
general is denser and stronger than the paste. The stiffness of such 
aggregates is generally 3 or more times higher than the paste.
Figure 1,1 shows a ternary diagram of mix proportions by weight, 
Workable concretes made with a conventional dense aggregate are 
restricted to the small shaded region. If the mix proportions lie 
outside this region then the concrete is either sloppy and segregates 
and bleeds excessively or it is too stiff to place and compact 
properly and the resulting concrete will consequently have a high air 
content.
If low water/cement ratios by weight are being used, say 0.35,
* Abbreviations
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then the aggregate volume concentrations will range from about 50 to 
65 per cent whilst if high water/cement ratios are being used, say 
0.8, then the aggregate volume concentrations will range from about 
70 to 85 per cent.
Figure 1 .2 shows a section through a concrete specimen with a 
water/cement ratio of 0.55. It can be seen from this figure that 
concrete contains a continuous range of aggregate particle sizes, 
the smallest aggregate particle is commonly 150 microns or less, 
whilst the largest aggregate particle is frequently 10, 19 or 58 mm.
In Figure 1.2 the maximum aggregate particle size is 10 mm. In 
concrete about 60 per cent of the aggregate is generally above 5 mm 
in size, A typical concrete cube of 1 50 mm size may contain 20 to 
50 million aggregate particles. In the top size fraction 10 to 
19 mm there may be about 700 particles whilst in the bottom size 
fraction 150 to 500 microns there may be about 16 million particles.
If therefore follows that concrete has an extremely complex 
structure. Changes in mix proportions, curing conditions and drying 
are known to produce large changes in such properties as strength, 
stiffness, short term deformation under stress, creep and drying 
shrinkage.
If we consider a small concrete element within many concrete 
structures we find that the stresses are not uniaxial but that the 
stresses may act in all directions. The principal stresses may be 
all compressive or one or more of the stresses may be tensile.
Although structural concrete is frequently subject to complex stress 
most of the extensive literature on the strength and deformation of 
concrete is restricted to uniaxial cube and cylinder compression 
tests, flexure tests and, in the last decade or so, the Brazilian 
test'*'. Despite the considerable amount of literature devoted to these 
tests our understanding and interpretation of the results obtained is 
incomplete. This is not surprising in the case of the flexure and 
Brazilian tests for although these two tests are considered to be 
useful they are both more difficult to interpret than the cube or 
cylinder test. This is because in both tests there is a stress- 
gradient and, since real materials do not have unique strengths, 
failure does not necessarily occur where the maximum stress or strain
^Diametral compression of a cylinder of concrete
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acts. Further in flexure failure is most likely to initiate at the 
surface which, because of its high paste content, is not representative 
of the internal structure of the concrete specimens. The Brazilian 
test also has a further disadvantage for it is assumed that tensile 
failure is initiated at the centre of the loaded diameter*, where a 
compressive stress acts at right angles to the tensile stress. The 
exact influence of such a compressive stress on tensile strength has 
yet to be established.
In this thesis only the strength and deformation of concrete 
under short term uniform loading are considered. The e xperimental 
work reported, which was carried out by the author, is restricted to 
tests on OPC concretes using Thames Valley flint gravel. The 
uniaxial compressive strengths of the concretes tested ranged from 
15 to 60 N/mm^ and their estimated uniaxial tensile strengths ranged 
from about 2 to 4 h/mm^. All of the concretes were tested in a wet 
or "moist" condition.
* It can be argued that failure initiates close to the loading 
platens where the compressive stresses in the concrete specimen 
are high,
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CHAPTER 2 
OBJECTIVES OF WORK
The main objectives of the work were to derive theoretical or 
empirical models, to represent the behaviour of concretes under 
uniaxial or multiaxial stresses, and to show that the models confom 
closely with the data obtained from the experimental studies.
The dependence of the strength and deformation properties of 
plain concrete upon the following factors was studied.
(i) Water/cement ratio
(ii) Aggregate volume concentration
(iii) Aggregate grading
(iv) Concrete age
and (v) The applied stress systém.
The scope of the investigation may be divided’into a number of 
parts, as follows
(a) A LITERATURE STUDY OF THE STRENGTH AND DEFORMATION PROPERTIES
OF CONCRETE UNDER COMBINED STRESS.
The literature review is given in Chapter 5, 4 and 5« Chapter 5 
deals with the stress-strain behaviour of concrete under uniaxial 
stress. Chapter 4 deals with the strength of concrete under uniaxial
stress. In Chapter 4 it is shown that the observed strength behaviour
of concrete is in agreement with the assumptions that the strength of 
concrete in compression is governed by the paste strength and that 
the strength of concrete in tension is governed by the paste-aggregate 
bond strength. Chapter 5 deals with the strength and deformation of 
concrete under combined stress. It is shown in Chapter 5 that serious 
objections can be raised to many of the techniques which have been 
used to investigate the behaviour of concrete under combined stress,
(b) A THEORETICAL STUDY
In Chapter 6 a simple theoretical approach is used by the 
author to predict the dependence of the bulk modulus, Young’s 
modulus, uniaxial compressive strength and failure strain of concrete 
upon the physical properties of the paste and aggregate phases, and 
the aggregate volume concentration. In Chapter 7 a statistical model
— 4 —
is used by the author to derive a general expression for the 
dependence of the uniaxial compressive strength of concrete cubes 
upon water/cement ratio, aggregate grading and aggregate volume 
concentration.
Much of the theoretical work described is applicable to 
particulate composites in general,
(c) M  EXPERIMENTAL STUDY
This work is divided into two parts, firstly, tests on concrete 
in uniaxial compression (Chapter 6 and l) and secondly tests on concrete 
subject to combined stress (Chapter 8 and 9).
In the uniaxial tests the influence of mix proportions on the 
following concrete properties was studied
(i) Young's modulus ,
(ii) Compressive strength
(iii) Failure strain
and (iv) Stress-longitudinal strain behaviour.
The influence of aggregate grading on strength was also s tudied.
In the combined stress tests the influence of mix proportions 
and different states of applied stress upon the following concrete 
properties was studied
(i) Failure stress
(ii) ' Minimum volume stress
(iii) Stress-strain behaviour,
(d) TO PROPOSE SIMPLE FAILURE CRITERIA FOR CONCRETE SUBJECT 
TO COMBINED STRESS.
In Chapter 9 a simple criterion of failure is proposed for 
concrete subject to multiaxial compression and a general failure 
criterion is proposed for concrete subject to multiaxial stress,
(e) TO SUGGEST POSSIBLE APPLICATIONS OF THE WORK
In Chapter 10 some applications which result from this work are 
suggested.
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CHAPTER 3
STRESS-STRAIN BEHAVIOUR OF 
CONCRETE UNDER UNIAXIAL STRESS
3.1. INTRODUCTION
In this chapter a review is given of some of the literature 
dealing with the stress-strain behaviour of concrete subject to 
uniaxial compression and tension and also of the many attempts which 
have been made to predict concrete stiffness from the stiffness of 
the paste and aggregate and their volume concentrations.
The convention used throughout this thesis is that compressive 
stresses and strains are positive,
3.2. UNIAXIAL COMPRESSION; NORMAL CONCRETES*
Stress-strain curves for rock, paste and concrete loaded in 
uniaxial compression are illustrated diagrammatically in Figures
3.1 a and b. The general shape of the various curves was obtained 
from information published by Brace, Paulding and Scholz (l966), 
Bieniawski (1967), Hobbs (1967, 1971 ) on rock, Spooner (l971 , 1972) 
on moist paste and concrete and Beres (l97l) on concrete. The stress 
plotted is the average applied stress.
The aggregate (rock) exhibits approximately linear stress- 
longitudinal strain behaviour up to failure whilst both paste and 
concrete exhibit markedly non-linear stress-longitudinal strain 
behaviour. The longitudinal stiffness of both paste and concrete 
increases as the water/cement ratio is reduced and, in the case of 
normal aggregate concretes, the longitudinal stiffness goes up as the 
aggregate volume concentration is increased (Hansen, 1963). The 
longitudinal stiffness of both paste and concrete decrease 
continuously as the load is increased. It is often stated in the 
literature (see for example Shah and Winter 1968), that cement 
paste specimens exhibit approximately linear stress-longitudinal 
strain behaviour but this has been shown to be incorrect by 
Spooner (1972) and Shah and Chandra (1968), This misconception may
*A concrete containing an aggregate which is stiffen and stronger 
than the paste fraction,
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have arisen because low water/cement ratio pastes, possibly w/c 
-ruO,25, may have been tested. Such low water/cement ratio pastes 
cannot necessarily be regarded as representative of pastes in concrete.
The approximate longitudinal strains at failure* for aggregate, 
paste and concrete are 0.4 to 1,0 per cent, 0,6 to 0.8 per cent and 
0,1 to 0,25 per cent respectively. Kaplan (I965) found that for a 
given water/cement ratio and sand/cement ratio the longitudinal strain 
■ capacity near ultimate failure decreased as the volume of coarse 
aggregate was increased. The influence of coarse aggregate volume 
fraction on longitudinal failure strains is illustrated in Figure 3.2. 
Kaplan (l963) also found that the failure strains were independent of 
water/cement ratio for the two coarse aggregates employed, namely a 
rounded siliceous gravel and a crushed dolomite limestone.
The stress-lateral strain curves for aggregate, paste and 
concrete are all non-linear. The lateral stiffness decreases 
continuously as the applied stress increases and the decrease in lateral 
stiffness is generally very marked as the maximum stress is approached.
The approximate lateral strains at failure are, for aggregates,
0,1 to 0,5 of their longitudinal failure strains, and, for pastes and 
concretes, 0,3 to 0,5 of their longitudinal failure strains.
The stress-volumetrie strain curves for aggregate, paste and 
concrete are generally non-linear. For aggregates the stress- 
volumetric strain curve is either initially linear or its slope 
increases continuously up to failure. For many aggregates an increase 
in volume may occur prior to failure. For pastes there is a continuous 
reduction in volume as the applied stress is increased and as the 
stress increases the slope of the stress-volumetric strain curve goes 
down. It would therefore appear that pastes compact or consolidate 
continuously until the failure stress is reached. Consequently no 
evidence of paste cracking prior to failure is apparent from the 
stress-volumetrie strain curve. Concretes, like pastes, compact or 
consolidate under load since the slopeof the stress-volumetric strain 
curve decreases as the applied stress is increased, however at a 
stress of about 70-90 per cent of the maximum stress sustained'- (Newman 1 965 ) 
the volumetric strain increases. The approximate maximum volumetric
*The failure stress is taken to be the maximum average stress 
supported by the concrete specimens.
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strains for rocks, paste and concretes are 0.1 to 0.4 per cent,
0.1 to 0.3 per cent and 0.04 to 0.08 per cent respectively.
The increase in volume of a concrete specimen which occurs at 
about 70 to 90 per cent of the failure stress is generally- 
attributed to severe microcracking and/or the extension of existing 
cracks at the paste-aggregate interface (Newman, 1965). It is 
generally believed that cracking commences before an increase in volume 
is observed, indeed it can be argued that crack extension can occur 
at all stress levels since concrete specimens may contain cracks which 
are induced during setting or subsequently on drying. According to 
Ne-wman (l965), at applied uniaxial stresses below 40 per cent of the 
failure stress, stable crack initiation and propagation occurs, whilst at 
applied uniaxial stresses of between 40 and 60 per cent of the failure 
stress more significant cracking occurs. This cracking was inferred 
from acoustic and x-ray techniques (Robinson, 1965).
In earlier work Jones and Kaplan (l937) used an ultrasonic 
technique to determine when the first cracks occurred in concrete.
The concretes tested were made with 13 different aggregates and each 
concrete was made from the same mix proportions. The crack initiation 
stress was defined as the stress by which approximately a 0.5 per cent 
decrease in velocity of a pulse at right angles to the direction of 
load had occurred through at least 3 of each batch of 6 cubes tested.
It was found that the ratio of the applied stress at which cracks 
were first detected to the failure stress ranged from 0.36 to 0.78.
Jones and Kaplan concluded that concrete containing smooth gravel 
aggregate begins to crack at lower stresses than concrete containing 
aggregate with a coarser surface texture. Jones and Kaplan also 
suggested that in compression precracking probably arises from local 
breakdcwn in the adhesion between the coarser aggregate and the cement.
In later published work Kaplan (1963) assumed that the stress at which 
the stress-longitudinal strain curve departed from a straight line 
by more than 2 pin/in signified the initiation of cracking. Kaplan 
found that the ratio of the load at cracking to load at ultimate 
failure varied from 0.46 to 0.51 and that the strain at crack 
initiation was dependent on the volume of coarse aggregate.
Since crack initiation and propagation in concrete occurs at 
an applied stress well below the maximum stress sustained, it follows 
that, failure and collapse of concrete in compression is a 
progressive process.
3.3. UNIAXIAL TENSION; NORMAL CONCRETES
Unlike compression testing no standard method exists for 
determining the uniaxial tensile strength of rocks, paste or aggregate. 
This is because of their low tensile failure strains which make it 
very difficult to produce an approximately uniform tensile strain and 
consequently little work on the stress-strain behaviour in uniaxial 
tension of rocks, pastes and concrete is reported in the literature.
It is generally considered that failure in tension is initiated 
at the paste-aggregate interface because dense aggregates are relatively 
strong in tension (Hobbs, 1 964a) and because the paste-aggregate bond 
strength is lower than the paste strength (Alexander, Wardlaw and 
Gilbert, 1963).
Stress-strain curves for partially dried concrete in uniaxial 
tension are shown in Figure 3.3. (after Kupfer, Hilsdorf and Rusch, 
1969). The stress-longitudinal strain curve deviates slightly from 
proportionality at a stress well below the maximum stress sustained.
More marked departures from proportionality were observed in stress- 
longitudinal strain curves obtained by Todd (l933), Rusch and 
Hilsdorf (l963), Hughes and Chapman (l966) and Evans and Marathe (l96S), 
The longitudinal failure strains ranged from about 0.005 - 0.01 per 
cent to a surprisingly high figure of 0.08 per cent (Evans and 
Marathe, 1968). Thus in general the longitudinal failure strain in 
tension is about l/20th the longitudinal failure strain in compression. 
The lateral strain at failure in tension is about l/6th the , 
longitudinal strain at failure (Kupfer, Hilsdorf and Rusch, 1969).
Kaplan (1963) found that for a given water/cement ratio and sand/cement 
ratio the longitudinal strain capacity near ultimate failure decreased 
as the volume of coarse aggregate was increased (see Figure 3.4) and 
Johnston (l970 a) found that the strain which concrete can withstand 
decreases markedly as the elastic modulus of the aggregate increases. 
Johnston (l970 b) also found that the initial tangent modulus of the 
stress-strain curve was very dependent on the elastic modulus of the
- 9 -
aggregate.
Kaplan (1963) assumed that in tension the stress at which the 
longitudinal strain curve departed from a straight line represents 
the onset of cracking. Kaplan found that crack initiation occurred 
at a stress of about 0.6 of the failure stress in the case of round 
siliceous gravel concretes and at about 0,7 in the case of crushed 
dolomite concretes. The strains at crack initiation were between 0.003 
and 0.008 per cent and were dependent on coarse aggregate volume but 
were independent of aggregate type and water/cement ratio (figure3.4).
Evans and Marathe (1968), using a microscope with a magnification 
of 240, observed microcracking at stresses between 0 ,4 6 and 0.51 of 
the failure stress and at strains between 0 .009 and 0 .0 1 4 per cent.
Thus when concrete is subject to simple tension, cracking is 
observed at applied tensile stresses well below the maximum tensile 
stress sustained, it therefore follows that failure and collapse of 
concrete when subject to tension is a progressive process,
3.4. MODELS FOR PREDICTING THE INFLUENCE OF THE AGGREGATE ON CONCRETE 
STIFFNESS
3.4.1. Two phase models
It is known that changes in aggregate volume and aggregate 
stiffness for concretes with a given water/cement ratio can give rise to 
large changes in concrete stiffness both in compression and tension 
(Hansen, 1965; Johnston, 1970 b). If the aggregate is stiffer than the 
paste then the resulting concrete has a stiffness which is higher than 
that of the paste and its stiffness increases as the aggregate volume 
concentration is increased. Similarly if the paste is stiffer than 
the aggregate then the resulting concrete has a stiffness which is 
lower than that of the paste. It has also been observed that the 
longitudinal failure strains for pastes are about 4 times as high as 
those for comparable normal aggregate concretes (Spooner, 1 971 and 
1972) and that the longitudinal failure strain decreases as the volume 
of coarse aggregate is increased (Kaplan, 1963).
Many attempts have been made to predict the dependence of concrete 
stiffness upon the stiffness of the paste and aggregate and their volume
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concentrations. However, this cannot he done rigorously because the 
stress and strain distribution in concrete cannot be deduced exactly 
due to concrete’s complex geometry and the numerous interacting 
particles.
To predict the Young's modulus of concrete involves finding the 
dependence of Young's modulus upon the elastic properties of its 
constituents, the relative concentrations of the constituents, the 
aggregate geometry, the arrangement and degree of order of the 
aggregate and the distribution of aggregate particle sizes of a given 
shape. Consequently in order to obtain an expression for the Young's 
modulus of concrete a number of simplifying assumptions have to be 
made. The resulting equations are approximate and it is therefore 
important that simple equations should result from the use of models. 
These equations should either be known or shown to be applicable to 
concrete.
It is generally assumed that concrete consists of only two 
phases, (La Rue; 1946; Dantu, 1958; Kaplan, 1959a; Paul, I960; 
Hirsch,1962; Counto, 1964; Ishai, 1965; Hansen, 1965; Koufopoulos, 
1966; Ishai and Cohen, 1967) namely, aggregate particles and paste 
or alternatively coarse aggregate particles and mortar. It is further 
assumed that the aggregate is elastic, which is generally true, and 
that the paste is elastic, which is not true (Spooner, 1972).
If the Young's moduli of the paste and aggregate are not the same 
then the stress and strain throughout a concrete structure are no 
where uniform whatever the external loading. However, the two simplest 
models which have been proposed assume either that the stress is 
constant or that the strain is constant.
Let E, Eg^, and Ep be the Young's moduli of the concrete, aggregate 
and paste respectively, and let be the aggregate volume concentration. 
The paste volume concentration is then (l - Vg). Vg and (l - Y^) also 
represent the cross-sectional area and length concentrations of the 
aggregate and paste respectively.
Let us first consider the constant stress model which is commonly 
known as the Reuss model. The Reuss model is illustrated in Figure 3.5a 
where for simplicity all the aggregate particles are lumped together
11 -
as a single slab. The strain in the concrete is equal to the sum of 
the deformation of the aggregate (in a unit volume of concrete) and 
the deformation of the paste (in a unit volume of concrete). Thus
O" = + (1 _ T„)0'  (3.1)
E Ea %
E
where CTis the applied stress. From equation 3.1 the Reuss modulus 
is given by
= 1 / [ja/Ea + (1 - V^) / Epj  (3.2)
Let us now consider the constant strain model. This is commonly 
known as the Voigt model. The Voigt model is illustrated in 
Figure 3.5b. The stress applied to the concrete equals the sum of the 
load on the aggregate (in a unit volume of concrete) and the load on 
the paste (in a unit volume of concrete). Thus
E e  = Vg + (1 - Ta) E p £   (3.3)
Where 3  is the induced strain. From equation 3.3 the Voigt modulus is 
given by
E = . Ta \  + (1 - T j  Ep  ....(3.4)
The Reuss and Voigt estimates for Young’s moduli are compared in 
Figures 3.6a and b for the case when 1OEg = Ep and for the case when 
Eg = lOEp. The Voigt modulus is always greater than the Reuss estimate 
and it has been proved by Hill (1963) that the true modulus of a two 
phase composite which is homogeneous on a macroscopic scale must lie 
somewhere between the Reuss and Voigt estimates no matter what the 
geometry may be. The Reuss model is obviously incorrect when E^ r>- 0 
for it predicts that porous materials have zero Young’s moduli.
Dantu (1958)3 Kaplan (l959a) and Hansen (1965) have applied 
equations 3.2 and 3.4 to concrete. Hansen found that the Voigt model 
works best for lightweight aggregate concretes and that the Reuss 
model works best for normal aggregate concretes. However the Voigt 
model overestimates the modulus of lightweight concretes and the.Reuss 
model underestimates the modulus of normal concretes. In order to 
get closer agreement between predicted and observed moduli a number 
of alternative models have been proposed (Paul, 1960; Hirsch, 1962;
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Counto, 1964; Hansen, 1965). These models were probably attempts 
to get estimat|^^of Young’s modulus intermediate between those 
predicted by/Reuss and Voigt models. Some of the models proposed 
are illustrated in Figure 3.7.
The model proposed by Hirsch (1962) predicts that
= 0.3
Va 1 - V
E
+ 0.3
V E + (1-V )E
(5.5)
a a
This model is in fact the geometric mean of the Reuss and Voigt 
moduli (Hears, 1965) and as pointed out by Counto (1964) it predicts 
that porous materials have zero stiffness. Counto found that 
equation 3.5 gave a poor fit to the observed Young’s moduli obtained 
on soft aggregate concretes.
In the model proposed by Counto (1964) all the aggregate 
particles were lumped together as a cylinder placed centrally in a 
cylinder of concrete. Both cylinders had the same ratio of height to 
area of cross-section. The model proposed by Counto predicts that 
0.51 - V 1
E
(3.6)
The Counto model may be regarded as a modification of the Voigt 
model. Counto (l964) found that the observed Young’s moduli of concrete 
were in agreement with equation 3.6. The aggregates used by Counto were 
steel, cast iron, flint gravel, glass and polythene.
The model proposed by Paul (i960) is a cubic aggregate with a 
cubic matrix subject to a uniform normal stress at the boundary. This 
model predicts that the Youngs modulus is given approximately by
E = E
Ishai (1965) extended Paul’s work to the case of uniform normal 
displacement at the loaded boundary. This gave
V
1 .+ a
(E/Ep) / (EVEp - 1 ) -
(3.8 )
It was assumed by Ishai and Cohen (1967) that equations 3.8 and
3.7 represent the upper and lower limits for real elastic behaviour.
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Equation 3.8 was found by Ishai (1965) and Ishai and Cohen (196?) to 
give a good fit to the observed elastic moduli of quartz sand filled 
and porous epoxy composites.
In addition to the models proposed above Koufopoulos (1966) 
suggested simple power law equations for predicting Young's modulus 
whilst LaRue (194-6) suggested an exponential equation.
In 1 963 an important paper was published by Hashin and Shtrikman 
in which variational principles were used to bound the strain energy of 
multiphase materials and thus also the effective elastic moduli. Hashin 
and Shtrikman (1963) obtained upper and lower bounds for the bulk modulus 
of a two phase material. For the case whenV = = 0.2, where
V, and are the Poisson* s ratio of concrete, paste and aggregate, 
one of the resulting bounds simplifies to
E
(e - E ) V + (e + E ) a p a p  a
(1 + E ) + (E - E ) V 
p a' p a %
Bp   (3 .9)
This equation is the upper bound for Young*s modulus when the bulk modulus 
of the aggregate is higher than that of the paste and the lower bound for 
Young*s modulus when the bulk modulus is lower than that of the paste. 
Johnston (l970b) has shown that equation 3.9 accurately predicts the 
initial tangent modulus obtained on concrete subject to tension, and 
examination of Hansen*s (l965) paper shows that equation 3.9 is also in 
reasonable agreement with results obtained on concrete subject to 
compression. This is illustrated in Figure 3.8 where equation 3.9 is 
shown fitted to results obtained by Counto (1964) and Ishai (1965).
3.4.2. Extension to a three phase material
So far it has been assumed that concrete consists of 2 phases only. 
It is possible to extend the work described in Section 3.4.1 to a 3 phase 
material by assuming that the paste phase consists of two phases.
Phase 1 solids, namely hydrated and unhydrated cement and phase 2 voids.
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There are a numher of solutions for the hulk modulus of porous 
materials in the literature. A number of workers (Eshelby, 1957; 
Hashin,1959; Mackenzie, I960; Walsh, 1965) each using different 
methods but using elastic theory for infinitesimal strains obtained
K
=  1
Ks
+ 3 (l--pg) -y
2 (1 -2 V  ) ~
7 - J (3.10)
where K and K are the bulk moduli of the porous material and the solid p s
fraction,g is the Poisson’s ratio of the solid fraction and'^is the 
porosity. If the Poisson’s ratio of the porous material and it's 
framework are taken to be equal and if"P^ = 0.2 then equation 3.10 
simplifies to
1 -  
1 +
-7
7 J (3.11)
where E^ is the Young’s modulus of the solid fraction. Equation 3.9
also simplifies to equation 3.11 for the case when E =0. For small'Oa (
equation 3.11 becomes
( 1 - 21?) ..... (3.12)
Equations 3.10 and 3.11 are only strictly valid for low porosities. 
In addition to the equations deduced theoretically a number of empirical 
equations have been proposed for the dependence of E^ onTp. These 
include
E = E (1 ^y)'
E
P
E ( 1 -~o)
® 1 + 2'0 
klip,
(Powers, 1961) 
(Hansen, 1965)
(3 .13)
(3.14)
(Kingery and Coble 1,1962) ....... (3.15)
Ep = E^ (1 - ^ 2 ^  (Hasselman, 1963) ........(3.16)
where k^  is about 2.5 for polycrystalline ceramics (Kingery and Coble,
1962) and ki ranges from about 2 (Manning and Hunter, 1968) to 4.4 
(Hasselman, 1963). Equations 3.15 and 3.16 are obviously not valid when 
7^ -^ 1 and when kg'y-^l respectively.
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Equations 3.11, 3.13 and 3.14 are shown plotted in Figure 3.9 
together with results obtained by Helmuth and Turk (1966) and others 
(see Hansen, 1963). Equation 3.14 gives a reasonable fit to the 
results. The Young’s modulus of a concrete specimen may therefore 
be taken to be given by equation 3.9 where E^ is given by equation 3.14.
3.3 CONCLUSIONS
3.3.1 Uniaxial compression
(1) Normal aggregates exhibit approximately linear stress-longitudinal 
strain behaviour.
(2) The longitudinal stiffness of both paste and concrete decrease 
continuously as the applied stress is increased.
(3) The approximate longitudinal strains at failure for aggregate, 
paste and concrete are 0.4 to 1 .0 per cent, 0.6 to 0.8 per cent and 
0,1 to 0 .25 per cent respectively.
(4 ) An increase in volume of a loaded concrete specimen occurs at 
stresses between 70 and 90 per cent of the failure stress.
3.3.2. Uniaxial tension
(3) The stress-longitudinal strain curve for concrete deviates 
from proportionality at a stress well below the failure stress,
(6) The longitudinal failure strain ranges, in general, from 
0.005 to 0.01 per cent,
3.5.3. General
(7) Crack initiation and propagation in concrete occurs at applied 
stress levels well below the maximum stress abstained. Failure of 
concrete is therefore a progressive process,
(8) The Young’s modulus of concrete at low applied stresses is 
given by
E = (e - E ) V + (e + E )a p a p a
(E + E ) + (E - E ) Vp a p a E
E
P
where E, E^ and E are the Young’s moduli of concrete, aggregate and 
paste respectively and V is the aggregate volume concentration.
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(s) The Young’s modulus of the paste phase is given by
C 
P
E = (1 - 7 )
1 + 2 in
where E^ is the Young’s modulus of the "solid" fraction and is 
the paste porosity.
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CHAPTER h.
STRENGTH OP NORMAL CONCRETE* UNDER UNIAXIAL STRESS
L.1 INTRODUCTION
In the previous chapter a review was given of some of the 
literature on the stress-strain behaviour of concrete subject to uniaxial 
stress. The present Chapter is restricted to a review of that part of 
the literature which deals with the strength of concrete in uniaxial 
compression and tension. It is generally assumed that the strength of 
concrete in both compression and tension is dependent upon the 
paste - aggregate bond strength. However in undertaking this review 
it has been assumed that only the strength.of concrete in tension is 
governed by the cement paste - aggregate bond strength. It is
assumed that the strength of concrete in compression is governed by
the cement paste strength. It is shown that these assumptions do not 
conflict with the observed strength behaviour of concrete,
4.2 UNIAXIAL COMPRESSION
The strength of concrete may be governed by one or more of the- 
following strengths
(i) the cement paste - aggregate bond strength
(ii) the cement paste strength
and (iii) the aggregate strength
It is generally considered that if the aggregate is stronger than 
the paste then the paste - aggregate bond strength governs failure, (Por 
example Jones, 1952; Jones and Kaplan, 1957; Hsu, Slate, Sturman and 
Winter, 1959; Shah and Winte^ and Swamy, 1971), However evidence is 
presented later which indicates that paste strength and not bond strength 
plays a dominant role in determining the compressive strength of normal 
concretes. Por this reason paste strength is considered before concrete 
strength,
* A concrete containing an aggregate which is stiffer and stronger 
than the paste fraction.
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Freyssinet (1991) and Powers (1949) suggested that paste strength 
is some function of the concentration of the hydrated cement in the 
space available to it. Thus
cr = f (Ic )
^ V  + 7 c ............................ ........
where f is a function, is the volume of hydrated cement and is
the capillary porosity. However the suggestion made by Freyssinet and
Powers conflicts with the results obtained by other workers. For instance, 
Lawrence (1971) has determined the compressive strength of cement pastes, 
some of which were compacted under high applied pressures prior to 
hydration, over a wide range of porosities, Lawrence (l971) found that 
the strength of both autoclaved and room temperature cured cement pastes 
could be represented by
0 5  = 5306 -131?  (4 2^ )
Lawrence found that the concentration of unhydrated and hydrated cement 
did not significantly influence the results. The same conclusion was 
reached by Sereda, Feldman and Swenson (1966) from the results of their 
tests.on hydrated cement pastes and compacts. An equation similar to
4,2 also fits the results obtained by Powers and Brownyard (1947) on 
mortars, Wisobers (l95l) on pastes and mortar compacted by both 
conventional and high pressure techniques, and Mindess (l970) on 
autoclaved calcium silicate products. An equation similar in form to 4.2 
has also been shown to fit compressive strength results obtained on 
polycrystalline ceramics (Kingery and Coble, I962),
It is generally found that compressive strength is more sensitive 
to changes in porosity than is stiffness (Kingery and Coble, I962), If 
both the elastic modulus and the strength are fitted by an equation of 
the form given by equation 4.2 then it is found that the coefficient in 
front of for the strength data is about twice as high as that observed 
for elastic modulus changes in equivalent bodies (Kingery and Coble, 1962), 
It therefore follows that the failure strain should go down as the 
porosity is increased. This is in agreement with the results obtained by 
Spooner (l972) on paste specimens of various water/cement ratios loaded 
in compression,
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It follows that the compressive strength of paste specimens is 
related primarily to the concentration of solid products or 
correspondingly to the porosity of the paste. The porosity is 
influenced by a number of parameters which include the cement and its 
chemical and physical composition, the water/cement ratio, air content, 
curing conditions and curing time.
If it is true that the strength of normal concrete in compression 
is governed primarily by the strength of the paste phase then concrete 
strength will be dependent on the amount of solids present per unit 
volume of the paste. Changes in aggregate type, grading and aggregate 
volume will probably play a less dominant role. However if aggregates 
react' chemically in varying degrees with the cement then the paste 
strength could change substantially from one aggregate type to another.
The compressive strength of concrete is given by
OJ = / solid volume_______   \    (4.3)
solid volume + void volume
where the solid and void volumes refer to the paste phase, or alternatively 
the compressive strength is given by
<3% = f^ /void volume \ /. . \
 ^ 2 ^olid volme^ ........
In equations 4.3 and 4.4 must be equal to zero when the solid volume 
tends to zero and must be finite when the void volume tends to zero.
Two elementary expressions which comply with these boundary conditions 
are
®   (4.5)
aiid = kg. kj - V o   (4^ 6)
where CÇ, , k^ and hy are constants. Both of these expressions give 
a reasonable fit to compressive strength - porosity results and are both 
more realistic than equations of the form given by equation 4.2 which 
predict a finite strength when tends to 1,
In the case of cement paste equation 4.4 may be written, for the case 
where the air content is zero, as
f /void volume s = f„/w, t,S\ / x
^solid volume  ^ ^^c  ^  ...A4./';
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where w/c is the original water/cement ratio, t is the curing time andS 
represents "curing conditions". For constant t and S  the following 
expressions comply with the boundary conditions,
-k. w/c
=C; e 4  . .,(4.8)
and <7 = kg ..........(4.9)
Equation 4.9 is the same as Abram’s rule (191S). This rule is known to 
give a good approximation to compressive strength results obtained on 
well compacted concretes (Powers, 1949), Abrams rule may be stated - 
the strength of well compacted comparable concrete at a given age depends 
solely on water/cement ratio provided the concrete mix is of workable 
plasticity, Abram’s rule is illustrated in Figure 4.1 where some 
compressive strength results obtained by Kaplan (i960), as an example, 
are shown plotted against water/cement ratio, A similar rule though more 
general than Abram’s was proposed by Feret (189Y) some 20 years earlier, 
Feret found that the strength of a range of workable mortars made with 
the same cement and sand and tested at the same age after identical curing 
conditions was given by
1  ( " v i v )   (4.10)
where c is the cement volume and v is the volume of air voids, Feret’s
rule may be written in a similar form to equations 4.8 and 4.9:-
- k (w+v)/c
= CTo ' s .........(4.11 )
-(w+v)/c
and = k^, kg   (4.12)
Although Abram’s rule is regarded as being one of the most fundamental 
relationships in concrete technology it has recently come in for some 
criticism because it has been found that the aggregate does have a 
significant influence on strength. According to Gilkey (l96l) the water/ 
cement ratio rule should read;-
"For a given cement and acceptable aggregate, the strength that may be 
developed by a workable mixture of cement, aggregate and water (under the
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same mixing, curing and testing conditions) is influenced by
(a) the ratio of cement to mixing water
(b) the ratio of cement to aggregate
(c) the grading, surface texture and stiffness of the 
aggregate
(d) the maximum size of the aggregate",
Gilkey (1961) deduced from the results obtained that
(a) decreasing the average size of the aggregate 
increases the strength of concrete
(b) increasing the amount of aggregate decreases 
the strength of concrete.
Tests carried out by Walker and Bloem (1960) and Gordon and 
Gillespie (1963) (see Figure 4.2)confirm that, for a given water/cement 
ratio, the strength decreases as the maximum size of coarse aggregate 
is increased. However the results obtained are possibly complicated by 
changes in aggregate volume and in the case of Gordon and Gillespie's 
results by changes in aggregate absorption as well.
The effect of an inclusion on the stresses in an otherwise uniform 
stress field have been deduced by Goodier (l933). Goodier showed that 
inclusions induce stress concentrations at and close to the matrix- 
inclusion interface and that the magnitude of the stress concentration is 
greater around a cavity than around a rigid inclusion. It follows from 
the work of Goodier that aggregate particles dispersed in cement paste 
act as stress raisers, and failure is therefore most likely to initiate 
at or close to the aggregate particles. If the aggregate particle size 
is increased then it follows from St Venants principle that the volume of 
the region around an aggregate particle within which the stress is 
intensified will increase. Consequently if weakest link concepts 
(Epstein, 1948) are applicable then concrete strength will go down as the 
aggregate particle size is increased.
The conclusion obtained by Gilkey (l96l) that increasing the amount 
of aggregate reduces strength is less easy to understand. For instance 
it can be argued firstly that the maximum stress concentration occurs
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when only a single aggregate particle is dispersed in the paste and 
secondly that the average stress concentration induced by the aggregate 
particles goes down as the aggregate/cement ratio is increased. The 
latter is possible because the regions of stress concentration around 
neighbouring aggregate particles interact more and more as the aggregate 
volume is increased. The complexity of the stress and strain distribution 
in a concrete specimen may well go up as the aggregate volume increases 
and this may result in more extreme concentrations. However, extreme 
values of stress and strain do not necessarily result in collapse because 
failure of concrete is a progressive process. It is only when failure 
has occurred at a large number of points within a concrete specimen that 
collapse results. Thus if increasing the aggregate/cement ratio reduces 
the average stress concentration then the strength should go up. This 
was found to be the case by Erntroy and Shackleck (1954), Wright and 
McRubbin (1952) and McIntosh (1954). Changing from a low aggregate/cement 
ratio mix to a comparable high aggregate/cement ratio mix is found to 
increase the strength by roughly 10 per cent.
In addition to aggregate volume and grading such aggregate properties 
as surface texture. Young's modulus, chemical composition, absorption 
and strength may also have a significant influence on concrete strength,
A number of workers including Erntroy and Shacklock (1954),
McIntosh (1954), Bennett and Khilji (1964), Neville (I965), Kuczynski 
(1958), Kaplan (1963, 1959b) and Wright and McRubbin (l952) have found that 
the use of crushed aggregate can give strengths up to about 40 per cent 
higher than when a gravel is used, Erntroy and Shacklock, Neville and 
Kuczynski found that the effect was most marked at water/cement ratios 
below 0,4 and was negligible for water/cement ratios above 0,5, However 
Bennett and Khilji found a difference in strength of 20 per cent at a 
water/cement ratio of 0,5 whilst Kaplan (l959b) obtained a difference of 
30 per cent at a water/cement ratio of 0,85, this latter difference was 
larger than that observed when a water/cement ratio of 0,35 was employed,
Bennett and Khilji (1964) carried out tests on a range of concretes 
using 11 different coarse aggregates. Prom a multiple regression analysis 
of the results it was concluded that the modulus of elasticity of the
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coarse aggregate has a considerable effect on strength. It was also 
concluded that aggregate particle strength has an insignificant influence 
on concrete strength. Some of the results obtained by Bennett and 
Khilji are given in Table 4*1 . The results show an increase in concrete 
strength with an increase in modulus of elasticity of the aggregate, this 
conflicts with recent published work by Mayer (1972), Mayer shows that 
concrete strength may decrease as the modulus of the aggregate is 
increased,
TABLE 4.1.
BENNETT AND KHILJI (1964) SOME RESULTS
Compressive strength 
(N/mm^) 
Concrete proportions 
(1:1.5:3)
w/c = 0.35 w/c = 0,5
63 36
73 47
71 45
71 45
72 47
77 42
77 47
52 56
Aggregate
Name Static Compressive 
Modulus Strength 
(kN/mm^) (N/mm^)
Crushed
Stone
Granite A 55 279
Granite B 64 228
Granite C 68 254
Granite D 65 238
Basalt A 64 234
Limestone A 64 182
Limestone B 68 146
Sandstone A 14 101
Kaplan (l 959b) also concluded that concrete compressive strength was 
related to the Young's modulus of the aggregate and was independent of the 
strength of the aggregate particles. Further Kaplan concluded that the 
surface texture of the coarse aggregate had a significant influence on 
concrete strength, Kaplan used 13 different coarse aggregates and 3 
water/cement ratios. The resulting concrete was tested at 3 ages. The 
conclusion obtained by Kaplan (l959b) that concrete strength was related
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to the Young's modulus of its coarse aggregate is not justified by the 
results, A significant correlation between concrete strength and Young's 
modulus of the coarse aggregate was only found for 2 of the 9 groups of 
compressive results obtained and then only when the results obtained using 
the coarse aggregate with the lowest Young's modulus were excluded from 
the analysis.
Some tests to determine the effect of type of crushed coarse 
aggregate on concrete strength were carried out by Saucier, Tynes and 
Smith (1965). Four coarse aggregates were used - 2 high density aggregates 
(magnetite and ilmenite), a portland cement clinker and a limestone. The 
clinker resulted in a concrete which was roughly 25 per cent stronger than 
the other 5 concretes possibly because the clinker reacted with the water 
in the paste thereby reducing the water/cement ratio of the paste in the 
neighbourhood of the clinker aggregate.
In recent tests by Parrott (1969), on concretes with a water/cement 
ratio of 0.28 and using 10 types of coarse aggregate, differences in 
strength of about 20 per cent were observed. The results were, according 
to Parrott, possibly dependent upon method of rock formation. It was 
noticed that as the concrete became older the incidence of aggregate 
fracture increased and Parrott therefore concluded that the quality of 
the aggregate may be a significant factor in governing concrete strength,
4 .5  m i  AXIAL TENSION
Because of the difficulty of performing a satisfactory direct tensile 
stress only a limited amount of data has been published.
If it is the paste-aggregate bond strength, rather than the paste 
strength, which is the dominant factor that controls tensile strength, 
then it would be expected that changes in water/cement ratio will have 
differing influences on strength in tension and compression. This is 
because, paste strength is dependent upon its solid volume fraction whilst 
bond strength is possibly dependent primarily upon hydrate volume fraction. 
Since at high water/cement ratios a greater proportion of the cement clinker 
hydrates than at low water/cement ratios it follows that changes in water/ 
cement ratio will have a smaller influence on hydrate volume fraction than
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on solid volume fraction. Thus as the water/cement ratio goes up the 
ratio of uniaxial tensile strength to compressive strength would be 
expected to increase. This is in fact what is observed in practice 
(Gonnerman and Shuman 1928; Johnston and Sidwell, 1968). The ratio of 
uniaxial tensile strength to compressive strength ranges from about 
1/20 to 1/10. Some results obtained by Johnston and Sidwell (1968) are 
given in Figure 4.5.
At constant water/cement ratio it is found that the tensile/ 
compressive strength ratio increases with a decrease in the maximum size 
and proportion of coarse aggregate in the grading(Johnston and Sidwell
1968) (see Figure 4.5). It therefore follows that changes in aggregate 
grading have a greater influence on tensile strength than compressive 
strength. The effect of increasing the aggregate/cement ratio at constant 
water/cement ratio is to decrease the tensile strength slightly (johnston, 
1970a).
In addition to aggregate grading Johnston and Sidwell (1968) and 
Johnston (l970a) found that tensile strength was dependent upon aggregate 
type and the Young’s modulus of the aggregate. The use of calcareous 
aggregates was found to increase the tensile strength more than the 
compressive strength (johnston and Sidwell, 1968). This was attributed to 
the stronger paste-aggregate bond which is developed by calcareous 
aggregates.
The phenomenon of bleeding in concrete, which results in water being 
trapped beneath aggregates particles, was found by Hughes and Ash (l970) 
to give differences in tensile strength parallel and perpendicular to the 
direction of casting of more than two to one.
4.4. CONCLUSIONS
4.4,1. Uniaxial Compression
(1) Compressive strength is more sensitive to changes in porosity than 
is the Young’s modulus.
(2) The dependence of the compressive strength of concrete and paste.
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CTp, on porosity,7? , may be represented by
f / -kiy/Ci-p)
= rr - e ' /
-Tj /{J- rj)
and O J  =  k g  k y
where o y ,  , k g  and k y  are constants. These relationships are 
independent of specimen age.
(5) The dependence of the compressive strength of concrete, cç, on
water/cement ratio, w/c, may be represented by
-k, w/c
OJ = cr . e ^
-w/ C
and = k^ kg
where k^, k^ and kg are constants. These relationships are only valid at a 
constant specimen age.
(4) Conclusions (2) and (5) are good approximations both for pastes 
and concrete.
(5) The compressive strength of concrete decreases as the maximum size
of coarse aggregate is increased,
(6) The compressive strength of concrete, for a constant aggregate grading,
probably increases as the aggregate volume concentration is increased.
(7) Such aggregate properties as surface texture, Young’s modulus, 
chemical composition and strength may have a significant influence on 
the compressive strength of concrete.
4.4.2 Uniaxial Tension
(s) Changes in water/cement ratio have a smaller influence on tensile 
strength than on compressive strength,
(9) Aggregate grading and aggregate type probably have a greater influence 
on tensile strength than on compressive strength.
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CHAPTER 5
STRENGTH AND DEFORMATION PROPERTIES OF 
CONCRETE UNDER COMBINED STRESS
5.1 INTRODUCTION
In the previous two chapters the literature dealing with the strength 
of concrete in simple compression and tension was reviewed. In this 
chapter the literature dealing with the strength and deformation of concrete 
under multiaxial stress is reviewed.
It is shown that serious objections can be raised to many of the 
techniques which have been employed to investigate the behaviour of concrete 
under multiaxial stress, consequently the significance of many of the 
available results obtained cannot, as yet, be assessed,
A number of the techniques which have been used for testing concrete 
under combined stress are illustrated in Figures 5.1 a - g together with an 
indication of the relationship between the principal stresses at failure.
In the Figures (5^  ^and are the major, intermediate and minor
principal stresses respectively at failure. The specimens were either 
stressed through solid platens, brush platens, fluid platens or both 
fluid platens and solid platens. Measurements of load-deformation 
behaviour of concrete under combined stress states were rarely made and 
most of the published work is restricted solely to ultimate strength testing.
Ideally the technique employed to test concrete under, combined stress 
should satisfy the following conditions
(a) The technique should induce a uniform average stress and strain 
distribution throughout the concrete sample. Obviously as the stiffness 
of the paste and aggregate are not the same this can only be achieved in 
volumes appreciably larger than the volumes of the largest individual 
aggregate particles.
(b) The loads applied should be taken up solely by the concrete specimen.
(c) The induced stresses in the concrete sample should be simple to 
calculate and should be independent of the deformation behaviour of the
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concrete,
(d) Low cost.
Many of the techniques which have been used for testing concrete 
under combined stress do not, even approximately, satisfy conditions (a) 
to (c). The various techniques employed are discussed briefly below,
5.2 COMBINED STRESS THROUGH SOLID PLATENS
When a concrete cube or cylinder is loaded in uniaxial compression 
the specimen expands laterally. Concrete is normally loaded through steel 
platens and the frictional restraint which develops at the steel-concrete 
interface reduces the lateral expansion of the concrete*. Because of the 
rigidity of the steel platens concrete is approximately subject to plain 
strain and this results in (i) a non-uniform distribution of stress 
throughout the concrete sample which influences the strength and stress- 
strain behaviour of concrete and (ii) a local stress variation at the 
loaded boundary due to the inhomogeneity of the concrete. The local stress 
variations at the loaded boundary are probably greater than in the interior 
of the concrete where a condition of plain strain does not exist, however 
the local stress variations at the loaded boundary do not initiate 
failures because after collapse of a concrete specimen virtually intact, 
end cones can frequently be removed from the broken specimen.
To eliminate frictional restraint when an elastic specimen is loaded 
it is necessary to use platens with (i) the same ratio of Poisson*s 
ratio/Young’s modulus as the specimen and (ii) with the same cross-section 
as the specimen. However concrete is not elastic (nor homogeneous) and 
this results in a non-uniform stress distribution in the specimen 
regardless of the elastic properties of the platens.
An indication of the form of the stress distribution in a loaded 
concrete specimen may be obtained from the theoretical stress distributions 
in loaded elastic cylinders (Pilon, 1902; Pickett, 1944; D’Appolonia and 
Newmark, 1951; Balia, I960 and Peng, 197l). From numerous compressive
^ In uniaxial tension the lateral contraction is reduced,
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experiments on rock and from an elastic analysis Peng (1971) concluded :- 
"Except for the uniform boundary condition, both compressive and tensile 
radial and circumferential stresses simultaneously exist. Por frictional- 
type boundary conditions, compressive radial and circumferential stresses 
occur in an area quite similar in form to an upside-down triangle the 
base of which is the end surface of the specimen, and the height, of 
which is about H/5 for radial stresses and h/2 for circumferential stresses. 
The rest of the area has tensile stresses. Teflon and neoprene type of 
boundary conditions give opposite results. Tensile stresses occur in the 
triangular area at the end surface and compressive stresses occur in the 
rest of the area".
When a concrete specimen is loaded in 2 or 5 orthogonal directions 
by solid platens the applied loads are no longer distributed solely in the 
concrete specimen but are also distributed in the loading platens (and 
rams) acting in the transverse directions. Further each compressive load 
not only produces a compressive stress in the specimen but also induces 
a small tensile stress in the specimen parallel to the other loaded 
directions (Hobbs, 1972; Berenbaum and Brodie, 1959). The induced tensile 
stresses have their maximum value at the centre of the specimen.
The experimental work on the strength of concrete under combined 
stress when loading through solid platens has’ been restricted to biaxial 
compression (see Figure 5.1a) (Vile, 1965; Foppl, 1900; Millard, 1912; 
Wastlund, 1957; Glomb, 1958; Weigler and Becker, 1965; Robinson,
1965b; Sundara Raja Iyengar, Chandrashekhara and Krishnaswamy, 1965;
Niwa and Kobayashi, 1967; Hiwa, Kobayashi and Koyanagi, 1967; Opitz,
1968; Mills and Zimmerman, 1970), triaxial compression (Wiwa and 
Kobayashi, 1967; Wiwa, Kobayashi and Koyanagi, 1967; Mills and Zimmerman, 
1970), and tension-compression (Figure 5.1b and 5.1c) (Vile, 1965; Smith, 
1955; Nishizaiva, 1961). In all the work it was assumed that the applied 
loads were distributed solely in the concrete specimen and no account was 
taken of induced tensile stresses, consequently the significance of the 
results obtained cannot be assessed.
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5.5 COMBINED STRESS THROUGH BRUSH PLATENS
To reduce the frictional restraint which occurs when concrete is 
loaded through solid steel platens, Kupfer, Hilsdorf and Rusch (1969) and 
Nelissen (1972) loaded concrete through brush steel platens. Three stress 
states were studied namely biaxial compression, compression-tension and 
biaxial tension. The spacing between the rectangular filaments was 0.2 mm, 
Kupfer, Hilsdorf and Rusch (1969) used a brush platen consisting of about 
600 filaments, each between 100 and 140 mm in length, to test concrete with 
a maximum aggregate size about 4 times the filament width; the platens 
were designed to load a surface area of 200 x 50mm^. Nelissen (l972) used 
a brush platen consisting of 1 260 filaments, each 100 mm in length, to
test concrete with a maximum aggregate size of 8 times the filament width;
2
the brush platens were designed to load a surface area of 177 x 1 26 mm .
In normal concretes the stiffness of the aggregate is generally 4 or 
more times higher than that of the paste. It therefore follows that if 
the filament width is not appreciably larger than the maximum aggregate 
particle size large variations will occur in the load supported by each 
filament. Thus although the use of brush platens largely eliminates 
frictional restraint, the local stress variations at the loaded boundary 
due to the inhomogeneity of the concrete are still present. In addition an 
indeterminate stress distribution is produced in the concrete around the 
circumference of each filament. Loading through biush platens may therefore 
initiate failure in the concrete close to the platens and this may result 
in collapse of the concrete specimen. Strength results obtained with brush 
platens are therefore suspect unless and until it can be established that 
failure is equally probable throughout the volume of the loaded concrete 
specimen.
Strength results obtained by Kupfer, Hilsdorf and Rusch (1969) on 
concrete plates with a uniaxial compressive strength of 50 .7 N/mm^, under 
biaxial stress are given in Figures 5.1d. Similar, though more scattered, 
results were obtained by Nelissen (l972). When loading with brush platens 
it is found that (i) the strength in biaxial compression is about 20 per 
cent higher than the strength in uniaxial compression, (ii) the compressive 
stress at failure decreases as a simultaneously acting tensile stress is
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increased and (iii) the strength in biaxial tension is approximately equal 
to the uniaxial tensile strength.
The stress-strain behaviour of concrete (Kupfer, Hilsdorf and 
Rusch, 1969) under biaxial stress is shown in Figure 5.2. In biaxial 
tension the concretes tested showed approximately Hookean behaviour. In 
tension-compression when the compressive stress is at least 5 times the 
tensile stress and in biaxial compression the minimum volume stress was 
approximately 80 per cent of the maximum compressive stress sustained.
5.4. HOLLOW CYLINDER SUBJECT TO AXIAL COMPRESSION AND TORSION
In order to determine the strength of concrete in tension-compression 
a number of workers (Bresler and Pister, 1958; Tsuboi and Suenaga, I960; 
Reeves, 1962; Johnson and Lowe,,, 1971; Goode and Helmy, I967) subjected 
hollow cylinders of concrete to torsion simultaneously with axial compression. 
These workers either assumed that an elastic stress distribution was induced 
in the cylinder walls or that a uniform stress distribution was induced
across the cylinder walls at failure. A brief summary of the work is given 
in Table 5.1 and an indication of the strength results obtained is given in 
Figure 5.1e.
There are a number of serious objections to the use of the above 
technique for determining the strength of concrete in tension-compression:-
(i) The hollow cylinders of concrete tested cannot be regarded as being 
homogeneous and isotropic on the scale considered, since the maximum aggregate 
particle sizes used ranged from 0.18 to O.65 of the wall thickness.
(ii) Concrete does not fail plastically and as a result a large tensile 
stress gradient is induced across the cylinder wall by the applied couple 
(see Table 5.1 ). Thus when the specimens are broken only by an axial load, 
failure is equally likely to initiate anywhere in the concrete sample but, 
as the applied couple is increased failure initiation becomes localised
at the external circumference of the hollow cylinder where the tensile and 
compressive stresses have their maximum values. This is a very serious- 
objection, for a number of workers (Berenbaum and Brodie, 1959; Tabor, 1951; 
Hobbs, 1964b) have shown that materials can survive greater localised 
stresses than approximately uniformly distributed stresses and further, the
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surface layer may have different properties from that of the concrete away 
from the surface.
(iii) A uniform stress distribution can only be assumed if thin walled 
cylinders are used and provided only fine aggregate is used, say, smaller 
in size than about l/lOth the wall thickness. Neither of these conditions 
is met by the tests summarized in Table 5.1 .
5.5 HOLLOW CYLINDER SUBJECT TO AXIAL COMPRESSION COMBINED WITH 
INTERNAL OR EXTERNAL PRESSURE.
To determine the strength of concrete in tension-compression McHenry 
and Karni (195S) subjected hollow cylinders of concrete with an outer 
diameter of 550 mm, a wall thickness of 50 mm and a maximum aggregate size 
of 19 mm to axial compression and internal pressure. It was assumed that a 
uniform stress distribution was induced across the cylinder walls at 
failure. The same technique has been used by Krzysztofiak (l970). An. 
indication of the strength results obtained is shown in Figure 5.1f.
To determine the strength of concrete in biaxial compression Bellamy 
(l96l) subjected hollow cylinders of concrete with an outer diameter of 
150 mm and a wall thickness of 58 mm to axial compression and external 
pressure. The stresses at failure were obtained from elasticity theory and 
also by assuming a uniform stress distribution across the cylinder wall.
An. indication of the strength results obtained is shown in Figure 5.1 f.
Similar objections may be raised to the use of the above techniques 
for determining the strength of concrete under combined stress as were made 
of the testing of hollow cylinders in torsion and axial compression; namely
(i) Concrete does not fail plastically and as a result a large tangential 
and radial stress gradient is induced across the cylinder wall by the 
external or internal pressure. Thus when the specimens are broken only by 
an axial load failure is equally likely to occur anywhere in the concrete 
sample whilst when an external or internal pressure is applied failure 
initiation becomes localised at the internal circumference. Because strength 
is a function of size it follows that the results obtained are not comparable.
(ii) A uniform stress distribution may only be assumed if thin walled 
cylinders are used and provided only fine aggregate is used, say, smaller
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in size than about l/lOth the wall thickness. These conditions were not 
met by the tests described by McHenry and Karni (195S), Krzysztofiak 
(1970) and Bellamy (l96l).
5.6 COMBINED STRESS THROUGH FLUID PLATENS AND SOLID PLATENS
The most widely used method of loading concrete under combined 
stress is known as the triaxial compression test. In this test a 
concrete cylinder is subjected to a fluid pressure, Gg = <5^ , along its 
length and is loaded on its ends, generally, through steel platens by 
a stress^ (see Figure 5.1 g). Ingress of the pressure fluid into the 
concrete specimen is prevented by an impermeable membrane placed along the 
length of the cylinder. The use of the membrane restricts the development 
of pore water pressure in the sample. A negligible proportion of the 
axial load is taken up by the membrane. This can be shown as follows;- 
assume the membrane and concrete remain in contact and do not slide 
past each other. Since the sum of the loads in the membrane and concrete 
are equal to the applied load it follows from the Voigt model approach 
that  I
= O' 1 +
E A J (5.1)
where 0"is the applied stress,G] is the stress in the concrete, E
and E . are the Young’s moduli of concrete and membrane respectively and A 
0
and Aj are the cross-sectional areas of concrete and membrane respectively, 
Thus (Y] O'" because E^  A^  E.A.
The first triaxial tests on jacketed samples of concrete were 
reported by Richart, Brandtzaeg and Brown (l928). Earlier tests on 
jacketed samples of mortar crushed in water under pressure were reported 
by Considéré in 1905 and 1906. Since the second world war a large amount 
of work has been published on the strength of concretes, mortars and 
pastes using the conventional triaxial compression test technique 
(Balmer, 1949; Fabry, 1954; Ackroyd, 1961a; Gordon and Gillespie,
1965; Hanson, 1965; Chinn and Zimmerman, 1965; Noli, 1965; Sims,
Krahl and Victory, 1966; McGreath, Newman and Newman, 1969; Newman 
and Newman, 1971; Gardner, 1969). The specimens were mainly moist cured 
or water cured for 27 days or more and in many instances were subsequently
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dried for a day or more prior to testing (Richart, Brandtzaeg and 
Brown, 1928; Balmer, 1949; McGreath, Newman and Newman, 1969;
Gardner, 1969). Some workers dried the specimens at temperatures in 
excess of 50°C (Balmer, 1949; Sims, Krahl and Victory, 1966; Gardner,
1969) and in a number of the experiments the specimens were also dried 
in a vacuum desiccator (Sims, Krahland Victory, 1966). Many of the 
results obtained cannot therefore be considered to be representative of 
conventional structural concrete because
(i) structural concrete may be subject to complex stress at 
earlier ages than 28 days and
(ii) loss of moisture from structural concrete is very slow and a . 
concrete structure may apart from its exposed surfaces remain 
essentially moist for a considerable period after casting.
The latter point is illustrated in Figure 5.5 which shows the 
dependence of weight loss on drying time and specimen geometry for mortar 
specimens with a water/cement ratio of 0.71 (Sobbs and Mears, 197l). The 
slight gain in weight which is evident on the curves for the two smallest 
specimens tested is attributed to carbonation. It can be seen that the 
largest specimen which corresponds to a small practical concrete section 
loses its moisture very slowly. Concretes made with lower water/cement 
ratios lose moisture at a still lower rate.
In all the reported work on concretes, mortars and paste it was found 
that the application of a confining pressure produced large increases in 
axial strength (see Figure 5.1 g) and also, when measured, large increases 
in the axial and lateral strains (see Figure 5.4) (Richart, Brandtzaeg 
and Brown, 1928; Sims, Krahl and Victory, 1966; McGreath, Newman and 
Newman, 1969; Gardner, 1969). For example if = Ug/2, where is 
the uniaxial compressive strength of the concrete then the failure stress 
is roughly 5.5U^ whilst the axial failure strain is roughly 5 0^ , where ^  
is the axial failure strain in uniaxial compression.
From the work published on concrete it can be inferred that the 
failure stress, may be expressed approximately in terms of the
uniaxial compressive strength, U^ , and the confining pressure, 0^^, by
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the equation
  5f ' 5f
%c n,  (5.2)
where is roughly 5 for all the concretes tested. It therefore appears 
that mix proportions, aggregate type and grading, and cement properties 
may only have a small influence on the magnitude of k^,
Equation 5.2 only approximately fits the results for concretes 
because the slope of the failure stress versus confining pressure curve 
decreases as the confining pressure goes up (see Figure 5,1 g), consequently 
a more accurate empirical relationship for the principal stresses at 
failure is given by (sims, Krahl and Victory, 1966; Newman and Newman,
1971):-
+ ^2 ( ^  ) 3
c c
where k^ and k^ are constants and where k^-CI,
Paste specimens when subject to a confining pressure give a lower gain 
in strength than for concretes and the resulting v 6^^ relationship has 
a more pronounced curvature (Fabry, 1954; Sims, Krahl and Victory, 1966),
If, when a confining pressure is applied, pore pressures are allowed 
to develop in the samples then a lower gain in strength is observed 
(Ackroyd, 1961b; Sims, Krahl and Victory, 1966), This is to be expected 
because the pore pressures resist the consolidation and compaction of the 
concrete specimens. However the gain in strength is still substantial 
even if the pore pressure is the same as the confining pressure.
In order to obtain a better indication of concrete strength than the 
maximum compressive stress sustained, Newman and Newman (l97l) suggested 
the use of the stress at which a marked deviation from linearity is observed 
in the volumetric strain v maximum compressive strain (longitudinal strain) 
curve*. According to Newman (1965) this is the stress level at which severe 
cracking commences and may be regarded as a definition of the strength in 
the same way as the yield point is used in metals. Tests on mortars by 
Newman and Newman (l97l) suggest that the application of a confining pressure
i.e. when a marked deviation from linearity is observed in the 
lateral v longitudinal strain curve.
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has a much smaller influence on the discontinuity stress than the failure 
stress, indeed it was observed that the discontinuity stress decreased at 
high confining pressures, A discontinuity stress level is not apparent 
in the results of tests on mortars and paste cylinders which were published 
by Sims, Krahl and Victory (1966).
One limitation of the triaxial compression cell is the fact that the 
intermediate principal stress must always be equal to at least one of the 
2 other principal stresses. In the triaxial compression test the 
intermediate principal stress is the same as the minor principal stress, 
however, a number of workers have carried out tests in "extension" in which 
the intermediate principal stress is the same as the major principal stress. 
(Richart, Brandtzaeg and Brown, 1928; Chinn and Zimmerman, 1965). For the 
case when no axial load was applied (G^ = O) it was found that the strength 
in equal biaxial compression lay between and 1.55U^. These results were 
influenced by friction between the loading piston and packing seal 
(see Figure 5.1 g) since the friction restrained the axial deformation of the 
specimen. As an example let us consider the results obtained by Richart, 
Brandtzaeg and Brown (l928). The results obtained are given in Table 5.2.
TABLE 5.2
STRENGTH IN UNIAKIAL AND BIAXIAL COMPRESSION
Critical Failure stress* (N/mm^)
Uniaxial Compression Biaxial Compression
TestTest Observed Corrected
2.K.é^ ! ! 27.4 19»1
21. 24.4 20.5
10.5 10.5 8.0
18.1^^ 22.1 18.5
10.6 11.5 9.0
8.0 10.8 8.5
4.0 5.7 5.6
2.5^ ^^ 4.4 2.6
+ // see overleaf.
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TABLE 5.2 (Continued)
* Stress when the slope of the tangent to the load-deformation curve 
fell to about of initial slope.
Stress when the slope of the tangent to the confining pressure- 
deformation curve fell to about l/lOth of initial slope, 
j-J- Critical failure stress estimated to be 85 per cent of ultimate 
failure stress.
In the final column the results are corrected for friction by assuming 
that the induced stress CY^  as determined by Richart, Brandtzaeg and 
Brown (1928) increases the strength by the same amount as in the triaxial 
compression test (see Equation 5.0. It appears from Table 5.2 that the 
intermediate principal stress may only have a small influence on the 
failure stress. However this conclusion should be treated with some caution 
because firstly the two stress systems are not strictly comparable since in • 
triaxial compression C5Tj acts through steel platens whilst in extension <3  ^
acts through a flexible membrane and secondly the criterion of failure for 
concrete may be such that is the same when (5^^ = CYlj ^  and =
5.7 CONCLUSIONS
5.7.1. Conventional triaxial compression test
(1 ) The strength of concrete in triaxial compression is given approximately 
by
 ^ ’’' 5
where and are the major and minor principal stresses at failure and
U^ is the uniaxial compressive strength.
(2) The application of a confining pressure to concrete results in 
large increases in the strains sustained by the specimens prior to failure,
5,7.2 "Extension" test ■
(5) A comparison of strength results obtained in uniaxial compression 
and equal biaxial compression suggests that the magnitude of the intermediate 
principal stress may only have a small influence on concrete strength.
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5.7.5 Brush platen test
(4 ) Results obtained on concrete under biaxial stress using brush 
platens suggest firstly, that the compressive stress at failure decreases 
as a simultaneously acting tensile stress is increased and secondly, 
that the strength in biaxial tension is approximately equal to the 
uniaxial tensile strength.
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CHAPTER 6
INFLUENCE OF MIX PROPORTIONS ON THE STRENGTH 
AND DEFORMATION OF CONCRETE IN UNIAXIAL 
COMPRESSION
6.1. INTRODUCTION
In this chapter a simple theoretical approach is used to predict 
the dependence of the bulk modulus, Young’s modulus, uniaxial compressive 
strength and failure strain of concrete upon the physical properties.of 
the paste and,aggregate phases, and the aggregate volume concentration.
The predictions are compared with results obtained in uniaxial compression 
or, for bulk modulus-with the results obtained in uniform triaxial 
compression. It is shown that the theory is in general agreement with 
measurements obtained on a range of concretes. Expressions are given 
for the dependence of the uniaxial compressive strength and failure strain, 
for the particular range of concretes tested, upon water/cement ratio, 
aggregate volume concentration and the elastic moduli of the paste 
and aggregate phases. Finally it is shown that the observed stress^ - 
longitudinal strain curves up to failure may be approximated by an 
empirical expression.
6.2. THEORY; DEPENDENCE OF BULK MODULUS, YOUNG’S MODULUS, COMPRESSIVE 
STRENGTH AND FAILURE STRAIN UPON AGGREGATE VOLUME CONCENTRATION
6.2.1 Bulk modulus
It is assumed that concrete consists of two phases - phase 1 the 
aggregate particles dispersed in phase 2 the cement paste matrix. It is 
assumed that both phases are elastic, this is generally true for aggregates 
(Brace, Paulding and Scholz,1966; Bieniawski, 1967; Hobbs, 1971; Hobbs, 
1967) but is not true for cement pastes (Spooner, 1972), It is further 
assumed that concrete is homogeneous and isotropic on the macroscopic 
scale. If concrete is subject to an applied hydrostatic pressure P and 
the bulk moduli of the two phases are not the same then a change in stress 
distribution is induced by the aggregate particles. When the aggregate is 
stiffer than the paste the average hydrostatic stress in the paste is lower
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than P whilst in the aggregate it is higher than P. If the aggregate 
is softer than the paste the reverse applies.
The average hydrostatic stress acting on any volume is defined by
+  -'(6.1)
where P and P are the average hydrostatic stresses in the paste and p .a
aggregate respectively and is the aggregate volume concentration.
The average volumetric strain in the concrete is
I Fp (1 - Ta) fa_Za
K -  Ep Ka  (6.2)
where K, K and K are the bulk moduli of concrete, paste and aggregate 
P & _
respectively.
To obtain a solution for the bulk modulus K two additional 
simplifying assumptions are made. The volumetric strain in the paste at the 
paste aggregate interface may be greater or less than the volumetric strain 
in the aggregate according to the relative magnitudes of the Poisson*s 
ratios. Thus the first additional simplifying assumption that is made is 
that at the interface the volumetric strains in the paste and aggregate are 
the same. This eliminates Poisson's ratio from the algebra. The second 
additional simplifying assumption that is made is that at the interface 
the hydrostatic stress in the paste is
2 P “ P
P a
It is therefore being assumed that when the aggregate is stiffer than the 
paste the volumetric strain in the paste fraction is lowest close to the 
aggregate particles and when the aggregate is softer than the paste the 
volumetric strain in the paste fraction is greatest close to the aggregate 
particles. This is obviously a simplification because in reality a 
truely hydrostatic stress does not occur at the paste - aggregate interface.
The two above assumptions may be written as
 --(6.3)
where Œ  and 0  are the volumetric strains in the paste and aggregate 
P &
respectively produced by a hydrostatic stress P^ , d 0  ^  is the volumetric 
strain produced by a hydrostatic stress P^ - P^ and d 0^ is the
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volumetric strain produced by a hydrostatic stress P - P . Thusa p
P - P = - K  d e = K  d ea p p p a a
Erom equations 6.3 and 6.4 and since V = P / K and V = P / .Kp p ' p a p ' a
it can be shown that
and
+ Kp + \
+ ^ a) P 
(^a - + Kp + \
(6.5)
(6.6)
0 then P^ = 2P, This is in general agreementThus if K -> »<=0 and V —  a a
with Goodier’s (l933) solution for the stress disturbing effect of a small
rigid spherical inclusion on an otherwise uniform hydrostatic stress field. 
Goodier showed that the radial stress acting on the inclusion is 3 (l z
P / (l +'^p) which if "Vp = 0.2 is 2P, ( is the Poisson’s ratio of the
matrix).
From equations 6,1 to 6,4 it can be shown that the predicted bulk 
modulus of concrete is given by
K = K
(Ka - Kp)
' ^ K- + \  l^a - Kp)a
If Ka 0 equation 6,7 becomes
(6,8)
This is the predicted bulk modulus for a porous material. This equation 
is similar to the expression obtained by a number of other workers using 
more sophisticated methods (Mackenzie, 1950; Eshelby, 1957; Hashin, 1959; 
Walsh, 1965).
6,2,2, Young*s modulus
The bulk moduli of the paste, aggregate and concrete can be expressed 
in terms of their Young's moduli and Poisson's ratios as follows:-
(6.9a)
E = "P 
P 3(1 - 2-0^)
K = a
^ 3(1 - 2V„) (6.96)
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3( 1 - 2 V  )............................. ...... (6,9c)
where E^ and E are the Young’s moduli of the paste, aggregate and
concrete respectively and"V , V  and V  are their Poisson’s ratios.p a
If it is assumed that the difference in Poisson’s ratio between 
concrete, paste and aggregate are sufficiently small,to be ignored, 
then from equations 6.7 and 6.9
E. = E 
P
2 V (E - E )
(6.10)
If V  = V  =: V  — 0.2, equation 6.10 is the same as that derived by p a
Hashin and Shtrikman (1963) for the upper bound for Young’s modulus 
when the bulk modulus of the aggregate is higher than that of the paste, 
or for the lower bound for Young’s modulus when the bulk modulus is lower 
than that of the paste. In Chapter 3 it was concluded that equation 6.10 
gives a good fit to Young’s moduli results obtained on concrete at low 
applied pressures.
In Figure 6,1 the estimate of Young’s modulus, E, calculated from
equation 6.10 is compared with the Reuss and Voigt estimates for Young’s
moduli for the case when E = 10 E ,a p
6.2,3. Uniaxial compressive strength
In this section an attempt is made to obtain an expression for the 
dependence of concrete compressive strength upon aggregate volume concentration 
for the case when the aggregate is stiffer and stronger than the paste, which 
is the case which generally applies in practice, and for the case when the 
aggregate grading remains constant.
Failure of concrete in compression is a progressive process, collapse 
of the concrete occurring after failure has been initiated at a large 
number of points throughout a concrete sample. It is therefore probable 
that realistic estimates of the dependence of compressive strength on 
aggregate volume concentration can be obtained using fairly crude averaging 
techniques.
Let and be the average longitudinal stresses in the paste and 
aggregate respectively when the concrete is subject to an applied stress
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(T . The average normal stress acting on any cross-section is defined
"by
C T =  (1 - v p c r  + cr ........ (6.11)
and the average longitudinal strain (axial strain) in the concrete is
<51 = £ 2-  (1 -  7  ) + <^a \
E Ep E^..................................... ................. (6 . 12)
From equations 6.10, 6.11 and 6.12 it can be shown that the stresses 
and CT are given by
_____________
+ Bp + E^ .........(6.13)P
a
+ Ep +   (6.14)
If the stresses in the transverse direction are ignored then the 
average longitudinal stress in the paste at the paste-aggregate interface 
is CT. It therefore follows from equation 6.14 that the presence of aggregate 
particles results in stress concentrations in the paste phase and that the 
magnitude of the stress concentration decreases as the aggregate volume 
concentration is increased. If and then the average
longitudinal stress in the paste at the interface, from equation 6.14, is 
2 CT • This is in general agreement with Goodier’s (l933) exact solution for 
the stress disturbing effect of a small rigid spherical inclusion on an 
otherwise uniform longitudinal stress. Goodier showed that the maximum 
longitudinal stress at the interface was
2 + 1 
_1 4
which if = 0.2 is 2 0^.
It is next assumed that failure occurs locally in the paste phase 
when a stress is reached in the paste phase. Ideally is the uniaxial 
compressive strength of a paste specimen with the same water/cement ratio as 
the concrete. However in practice this is unlikely to be the case because
(i) the paste composition close to an aggregate particle differs from that
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in a paste specimen due to such factors as bleeding beneath aggregate 
particles, the collection of air voids around aggregate particles and 
because the aggregate particles can influence the crystallization process 
by forming the source of the first crystallization of the hydration 
products (Lyubimova and Pinus, 1962) and
(ii) if failures are initiated in specific regions in the paste phase, 
then, from weakest link concepts, the stress will be higher than the 
uniaxial compressive strength of a paste specimen.
A stress U is first reached at the paste-aggregate interface, so 
failure will start within the paste close to the surface of the aggregate 
particles. The applied stress at which failure within the paste phase 
occurs is, from equation 6.14, given, by
(E^ - \
2 E- a
.•«.(6.15)
If the number of aggregate particles is sufficiently large then once 
paste failure occurs close to the aggregate particles the remaining framework 
can no longer support the applied stress and collapse occurs. Equation 6.15 
is therefore taken to represent the compressive strength of normal concretes. 
However, equation 6.15 is not necessarily applicable to low aggregate volume 
concentrations because localised failure of the paste close to the aggregate 
particles need not precipitate collapse, but may simply increase the average 
stress in the framework. If this is so then the applied stress will have 
to be increased to values greater than those given by equation 6.15 in 
order to cause collapse of the "concrete".
The failure curve resulting from equation 6.15 is shown plotted in 
Figure 6.2 for = 4E^ and E^ =oO together with an indication of the possible 
strength behaviour at low aggregate volume concentrations. For simplicity 
it has been assumed that U is equal to the compressive strength of a paste 
specimen with the same water/cement ratio as the concrete. The theory 
predicts that
(i) the compressive strength increases with increasing aggregate 
volume concentration.
(ii) the compressive strength decreases as the stiffness of the 
aggregate is increased.
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(iii) the variation in compressive strength with aggregate volume 
concentration goes up as the ratio is increased.
It follows from point (iii) that changes in aggregate volume concentration 
will give rise to greater proportional changes in compressive strength for 
high water/cement ratio concretes than for low water/cement ratio concretes. 
Prediction (i) is in agreement with results obtained by Erntroy and 
Shacklock (1954), Wright and McHubbin (1952) and McIntosh (1954)« Prediction
(iii) is in agreement with recent results obtained by Mayer (1972).
A similar treatment to that described in this section may also be 
used for tensile strength, but in this case the paste strength is 
replaced by the aggregate paste bond strength,
6.2.4. Failure strain
From equations 6,10 and 6,15 the longitudinal failure strain is given
by
(Eg +
2 E E a p
U
P /. . . . . . . . . . (6 .16)
or alternatively by
^ T
^   (6.17)2
where is the strain at which localised failure occurs in the 
paste phase.
In Figure 6.3 the failure strain given by equation 6.16 is shown 
plotted against aggregate volume concentration for E^ = 4 and E^ =cO 
together with an indication of the possible failure strain behaviour at 
low aggregate volume concentrations. For simplicity it has again been 
assumed that is equal to the compressive strength of a paste specimen 
with the same water/cement ratio as the concrete. The theory predicts that
(i) the failure strain decreases as the aggregate volume is increased.
(ii) the failure strain decreases with increasing aggregate stiffness,
(iii) the rate of change of the failure strain with aggregate volume 
concentration goes up as the stiffness of the aggregate is increased or 
as the stiffness of the paste is reduced.
Prediction (i) is in agreement with results obtained by Kaplan (l963)«
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6.3 COMPARISON BETWEEN THEORY AED EXPERIMENT
6.3.1. Experimental details
The experiments described form part of a wider program of work which 
was carried out to investigate the influence of mix proportions and specimen 
age upon the strength of concrete under combined stress. This work is 
reported in Chapter 9. The specimen preparation, materials used and the 
experimental technique are described in detail in Chapter 9. The 
water/cement ratios and aggregate volume concentrations of the specimens 
tested are given in Table 6.1, To eliminate settlement and bleeding the 
moulds containing 7 of the 16 mixes used were rotated overnight (see 
Table 6.1 ).
At an age of 56 days at least 4 specimens from each mix were crushed 
in uniaxial compression and at least a further 4 specimens from each mix 
were subjected to a hydrostatic pressure of at least 5 N/mm^. The latter 
specimens were subsequently tested under conventional triaxial compression 
(see Chapter 9). The surface strains on the specimens were measured with 
linear foil resistance strain gauges.
TABLE 6.1 
MIX PROPORTIONS
Water/cement 
ratio
Aggregate Volume Concentration
0.35 0= 0.42 0.52 0.66
0.47 0^ 0.41* 0.66 0.70
0.59 0^ 0.42* 0.70 0.75
0.71 0* 0.41* 0.70 0.75
specimens rotated overnight whilst setting occurred.
6.3.2 Results.
6.3.2.1. Bulk modulus
The strain readings obtained from approximately 10 per cent of the 
gauges were ignored because a small section of the surface of these gauges 
was forced into surface voids by the applied hydrostatic pressure. Such 
surface voids may not have been exposed when the surface was wire brushed.
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In Figure 6,4 the mean secant hulk modulus, obtained from the 
volumetric strain produced by an increase in hydrostatic pressure from zero 
to 5 N/mm^, is shown plotted against aggregate volume concentration together 
with the values predicted by equation 6,7 for the case when = 34 kw/mm . 
The agreement between the observed and predicted moduli is only 
approximate. This may be attributed partly to the relatively high paste 
content of the surface of the concrete specimens and partly to the fact 
that in the case of the non-rotated specimens the observed longitudinal 
strain, at a confining pressure of 5 h/mm , was approximately twice as 
high as the observed lateral strain. This strain anisotropy is probably 
caused by bleeding beneath the aggregate particles,
6.3.2.2, Young’s modulus
In Figure 6.5 the mean tangent Young’s modulus, at an applied stress of 
25 per cent of the uniaxial compressive strength of the "concrete", is 
shown plotted against aggregate volume concentration, together with the 
values predicted by equation 6,10 for the case when = 69 kN/mm^, The 
agreement between the observed and predicted moduli is reasonable. The 
results obtained by other workers are in closer agreement with equation 
6.10, This is illustrated in Figure 3.8 where equation 6.10 is compared 
with results obtained by Gounto (l964) and Ishai (l96l).
The general shape of the observed stress-strain curves, particularly 
at the high applied stress levels, was not the same for paste and concrete 
specimens with the same water/cement ratio (see Figure 6.6), Equation 6,10 
may, therefore, only be taken to be applicable to concrete subject to 
relatively low applied stresses,
6.3.2.3. Compressive strength
In Figure 6,7 tensile and compressive strength results, obtained on 
14 day old concrete specimens with a water/cement ratio of 0,35? are 
shown plotted against aggregate volume concentration. These tests were not 
included in the experimental work described in section 6.3.1. The results 
provide some justification for the assumption made in section 6.2.3, that 
the strength of concrete in compression is governed by the strength of the 
paste phase and not, as is generally assumed, by the strength of the 
aggregate-paste bond (Shah and Winter, 1968; Jones, 1952; Jones and
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and Kaplan, 1957; Hsu, Spate, Sturman and Winter, 1963; Swamy, 197l),
The aggregate used was a Thames Valley flint gravel with the grading as 
given in Table 8,1 of Chapter 8. The compressive strength was obtained 
on 1 00 mm cubes whilst the tensile strength was obtained by subjecting 
dumb-bell shaped specimens to a hydrostatic pressure along their length 
(see Chapter 8, section 8,3), All the specimens were cast and compacted 
in the normal manner, extra water being added to allow for aggregate 
absorption.
At aggregate volume concentrations greater than 60 per cent a sharp 
reduction in tensile strength was observed which did not correspond with 
a reduction in compressive strength (see Figure 6,7). Photographs of 
the broken surfaces of a number of the tensile specimens are shown in 
Figure 6.8. It is evident from this photograph that the concrete 
specimens with aggregate volume concentrations greater than 60 per cent 
contained numerous air voids around many of the large aggregate particles. 
These air voids probably reduced the bond strength and consequently the 
tensile strength, but the compressive strength was apparently unaffected.
The results shown in Figure 6,7 are therefore not in conflict with the 
assumption that the compressive strength of concrete is governed by paste 
strength.
In Figure 6,9 the mean uniaxial compressive strength of each concrete 
tested is shown plotted against aggregate volume concentration together with 
the values predicted by equation 6,15 for the case when is given 
by
n = 1950 (20.6)"*/° (w/mmf)  (6.18)
The best fitting values for calculated for concretes made with each of 
the 4 water/cement ratios used are closely fitted by equation 6,18, ^he 
constants in equation 6.18 were obtained by the method of least squares.
The compressive strength of the concretes tested, as predicted, 
increased as the aggregate volume concentration was increased. The 
compressive strength of the concretes tested is approximately fitted by 
equation 6,15 when is given by equation 6.18 (see ^ignre 6.9),
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1930 (20.5)""/° (N/mm^)....... .(6.19)
However the observed rate of change in compressive strength with aggregate 
volume concentration for concretes with water/cement ratios of 0.47? 0,59 
and 0,71 was about twice as high as that predicted.
The value of given by equation 6,18 is lower than the compressive 
strength of the comparable paste specimens for concretes with a water/cement 
ratio of 0.35 but, for concretes with water/cement ratios of 0,59 and 0,71, 
the value of given by equation 6.18 is higher than the compressive 
strength of the comparable paste specimens. As a result the interesting 
conclusion is obtained that a high water/cement ratio concrete specimen 
can be stronger than a comparable paste specimen (see Figure 6,9).
6.3.2,4. Failure strain
In Figure 6,10 the mean failure strain for each of the "concretes" 
tested is shown plotted against aggregate volume concentration together 
with the values predicted by equation 6,17 when is given by
= 3.7 s J   (6.20)
p
where is given by equation 6.18 and w/c is the water/cement ratio.
The best fitting values for calculated for concretes made from each 
of the 4 water/cement ratios tested are closely fitted by equation 6,20 
(see Figure 6,1l). The constant in equation 6.20 was obtained by the 
method of least squares.
Ideally the failure strain of the paste fraction in a concrete 
specimen is given by / E^, however this value is lower than the predicted 
failure strain given by equation 6.20 because (a) the stress-strain curves 
of the concretes and pastes were non-linear and because (b) the non-linearity 
of the stress-strain curves was more marked for the concrete specimens than 
the comparable paste specimens (see Figure 6.6). Closest agreement between 
the ideal failure strain, U^/e ,^ and the predicted failure strain (equation 
6,20) was obtained on concretes with a water/cement ratio of 0.35? this is 
because the stress-strain curves obtained on these concretes showed the 
smallest departure from linearity (see Figure 6.6).
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As predicted the failure strain decreases as the aggregate volume 
concentration is increased. The failure strains for the concretes tested 
with water/cement ratios of 0.35 and 0,59 are approximately fitted hy
(E —E ) V +E +En a' a v a
 ^\  ^p
3.7 w 1930(20.6)""/° (6.21)
However for the concretes tested with water/cement ratios of 0.47 
and 0.71 the observed rate of change in the failure strain with aggregate 
VOlime concentration was much lower than that predicted by equation 6,21 
(see Figure 6.1O). It should be borne in mind here that 3 of the 12 
sets of concrete specimens were rotated whilst setting occurred, and 
as a result the failure strains using the 2 techniques are not strictly 
comparable. Results obtained by Spooner (l 972, private communication) on 
concrete specimens which were rotated whilst setting occurred are in 
reasonable agreement with the theory (see Figure 6,12),
6.4 EMPIRICAL STRESS-LONGITUDINAL STRAIN RELATIONSHIPS
In Figure 6.6 the normalised stress, 5^/(5^, is shown plotted against 
the normalised longitudinal strain, S./3^, for one concrete specimen with 
a water/cement ratio of 0.35 and one concrete specimen with a water/cement 
ratio of 0.59. It can be seen that as the water/cement goes up the 
stress-strain curve departs further from linearity.
A simple empirical equation which fits the data shown in Figure 6.6 
reasonably well is
(6.22)
where G  is the longitudinal strain at an applied stress CT. Popovics 
(1970) has recently published a review of the empirical formulae which 
have been used to describe the stress-longitudinal strain behaviour of 
concrete. Equation 6,22 is similar to one of the equations proposed by 
Popovics, namely
<3^  =
e.
1 + 2 ( 1 - ^  ) (6.2 3)
Equation 6.22 is shown plotted in Figure 6,13 for 5 water/cement ratios
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- 0, 0.35, 0.47, 0,59 and 0,71. The characteristic shape of the stress- 
strain curve defined by equation 6,22 changes with water/cement ratio 
but is the same for concretes of any given water/cement ratio.
In order to check the applicability of equation 6.22 to concretes 
made from a range of water/cement ratios and aggregate volume concentrations 
it is necessary to express and in terms of mix proportions and 
curing history. The compressive strength and failure strain, after curing 
for 56 days, for the range of concretes tested in the present study have 
been shown to be approximately fitted by
^  =
and .
(Ea ^ a  +  B p  +  ^a
2 E
E ) V + E + E a' a p a
1950 (20. 6)"*/°
2 Bp
3.7 I 1950 (20.6)"*/°..... (6.21)
respectively. The influence of water/cement ratio and aggregate volume 
concentration on the stress-strain behaviour of a number of the concrete 
specimens tested is illustrated in Figures 6.14 and 6.15 respectively, 
together with the "predicted" stress-strain curves, for concretes with 
similar mix proportions, obtained by combining equations 6.19, 6.21 and 
6.22. In Figure 6.15 allowance has been made for a possible error in 
the predicted failure strain of 0.1 0^. The resulting stress-strain curves 
are shown plotted as shaded regions.
The agreement between the observed and predicted stress-strain 
curves is reasonable.
6.5 CONCLUSIONS
(l) A simple theoretical approach has been used to predict the dependence 
of a number of physical properties of concrete upon those of the paste 
and aggregate phases, and the aggregate volume concentration. The 
theory predicts that
(i) The bulk modulus of concrete is given by
K K
P
1 + 2 (K^ -
r%P -
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where K and are the hulk moduli of the paste and aggregate phases 
respectively and is the aggregate volume concentration.
(ii) The Young’s modulus of concrete is given hy 
E = E
P E + E — V (E — E a p a ' a p^
where E^ and E^ are the Young’s moduli of the paste and aggregate phases.
(iii) The compressive strength of concrete increases with increasing 
aggregate volume concentration.
(iv) The compressive strength of concrete decreases as the s tiffness 
of the aggregate is increased.
(v) Changes in aggregate volume concentration give rise to greater 
proportional changes in compressive strength for high water/cement 
ratio concretes than for low water/cement ratio concretes,
(vi) The failure strain for concrete decreases as the aggregate 
volume concentration is increased,
(vii) The failure strain for concrete decreases with increasing 
aggregate stiffness.
(viii) The rate of change in failure strain with aggregate volume 
concentration goes up as the stiffness of the aggregate is increased or 
as the stiffness of the paste is reduced,
(2 ) The theoretical predictions given in conclusion 1 are in general 
agreement with the results which were obtained on a range of 56 day old 
"moist" concretes.
(5) The stress-longitudinal strain curves for the concretes tested are 
approximately fitted by
1 + 1  W (1 - G  )
2 0 ST
where 0. is the longitudinal strain at an applied stress c5^ , CÎJ is 
the compressive strength, 0*^ is the longitudinal failure strain and w/c 
is the water/cement ratio by weight.
(4 ) The compressive strengths of the concretes tested are approximately
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fitted by
(e - e ) v + e + e ^a pr a v a 
2 E
1950 (20.6)"*/° (N/mmf)
(5 ) Additional experiments are required to establish the general 
validity of conclusions 1 and 3 to concrete.
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CHAPTER 7
A STATISTICAL APPROACH TO THE FAILURE 
OF CONCRETE IN UNIAXIAL COMPRESSION.
7.1. INTRODUCTION
In Chapter 6 an attempt was made to obtain qualitative expressions 
for the dependence of the compressive strength of concrete upon aggregate 
volume concentration. It was shown that the presence of aggregate particles 
induces stress concentrations in the paste phase close to the aggregate 
particles. In order to obtain an expression relating compressive strength 
to aggregate volume concentration, it was assumed firstly that failure of 
a concrete specimen results from failure of the paste and secondly that 
localized failure of the paste in a concrete specimen occurs when a unique 
stress or strain is reached anywhere in the paste. Failure is therefore 
initiated at or close to the paste-aggregate interface.
The assumption that the paste has a unique strength is only true 
for idealized materials and in the present chapter it is assumed that the 
strength of the paste close to an aggregate particle is governed by the 
strength of its weakest unit close to the aggregate particle. The paste 
close to an aggregate particle does not necessarily have the same properties 
as the paste in a paste specimen, but it can be taken that the paste 
composition close to an aggregate particle is independent of aggregate 
volume and aggregate grading. In the present chapter, an expression is 
deduced for the dependence of the compressive strength of concrete cubes 
upon aggregate grading, aggregate volume and water/cement ratio, and the 
expression is fitted to some results obtained on concrete. The theory 
presented is based on the work of Weibull (1939), Daniels (l945) and 
Jellinek (l95S) and is applicable to concrete which has a paste phase with 
a lower Young’s modulus than that of the aggregate particles.
7.2. NOTATION
A = cross-sectional area of each chain
F^(x) = frequency distribution of weakest units in volumes containing 
r units
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m = Weibull's material constant (see also z^)
n = number of chains in parallel (number of aggregate particles around
which failure occurs) 
n^ = number of flaws per unit volume of paste
P(x) = probability that a unit will survive a stress x
P (x) = probability that a volume containing r units will survive a stress xr
^r " ^r^^^ ^
= probability that one of r units will have a strength between x 
and X + dx
r = number of units (close to an aggregate particle) within which
failure may initiate 
s = standard deviation
X = failure stress of the basic unit
x^ = mean failure stress of a group containing r units
X = Weibull’s material constant (see also m)
y = relative frequency with which units of strength x occur
z = r(x/xQ)^
I ' = gamma function
E^,E^ = Young’s moduli of aggregate and paste phases respectively
Va = aggregate volume concentration
^aet ~ the cube of the equivalent discrete aggregate top size as given 
in Table 7.1
'^ at - volume of each particle in top size fraction
^atl ;
^at2 = average aggregate particle volumes in the top size fraction for 
concretes with mean compressive strengths of<3^  ^ and <3 ^2  
respectively
a = proportion of aggregate particles by volume participating in
failure process
P = i/o:
CT^  = applied stress
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(3J. = applied mean failure stress (mean compressive strength)
compressive strengths of concretes having average 
aggregate particle volumes in the top size fraction and
^at2 ^csfGctively
andCp^ g = mean compressive strengths of concretes having maximum aggregate 
particle sizes of 5, 10 and 19 mm respectively
(5^^ = average longitudinal stress at the paste-aggregate interface
c = cement content hy weight
R = average cement grain radius
t = curing time
V = paste air content by volume
w = water content by weight
S' = ’curing conditions*
= porosity
= cement density
k, k^  to k^g, and are constants. k_ = (YT/6)k^.
7.5. ASSUMPTIONS
The following assumptions are made.
(1) Philure of concrete in compression results from failure of the paste,
(2) Failure is initiated at or close to the paste-aggregate interface,
(3 ) Paste-phase composition close to an aggregate particle is independent 
of aggregate volume and aggregate size,
(4 ) The average longitudinal stress in the paste at the paste-aggregate
interface is given by (see Chapter 6),
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^  (e - E ) v +E + E  (7'l)
a p' a p a
or, if E = oO , by
^pa = 2 C5^   (7.2 )
1 + 7
where CT is the applied stress, 7^ is the aggregate volume concentration
and E^ and E^ are the Young's moduli of the aggregate and paste
respectively.
(5) The volume of the region in which failure is initiated is proportional 
to aggregate particle volume* and is independent of the aggregate 
volume concentration,
(6) The region near an aggregate particle in which failure may initiate 
consists of a group of units, A unit is envisaged to be of a size 
between molecular and the smallest particle of cement (e,g, 
approximately 1 nm to 1yum),
(7) The strength of the paste close to an aggregate particle is governed 
by the strength of the weakest unit present in this region,
(s) The distribution of the failure stresses for the basic unit is given
by Weibull's (1939) function. The distribution ranges from zero to 
infinity.
(9) A concrete cube approximates to a system of n groups of units, where 
n is the number of aggregate particles participating in failure,
(10) When failure of each group occurs, the load is shed uniformly onto the 
unbroken groups,
(11) The number of aggregate particles participating in failure is 
proportional to the number of aggregate particles in the top size 
fraction,
* This assumption follows from the fact that the volume of the perturbation 
in the stress system caused by the presence of an inclusion is 
proportional to the volume of the inclusion.
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(12) The number of cement particles per unit volume of the paste is
a measure of the number of flaws in the paste fraction at any given 
age of the specimen.
7.4. THEORY
If the strength of a mechanical system consisting of a number or 
group of units is governed by the strength of its weakest unit, the problem 
of finding how the strength depends upon the size of the mechanical system 
is equivalent statistically to studying the distribution of the weakest 
values as a function of the size of the sample.
Let the distribution of the failure stresses for the basic unit be 
given by the frequency curve
y = f(z)  (7.3)
where y is the relative frequency with which units of strength x occur.
Then f(x) dx is the probability of having a unit of strength between x and 
X + dx. The probability of having a specimen containing r units, the 
weakest unit of which has a strength between x and x + dx is
= r f(x)dx [^J^f(x)dxJ .........(7.4)
in which r f(x) dx is the probability that one of the units has a strength 
between x and x + dx and
[if(x) dx ^ r - 1X
is the probability that all the other units can sustain a stress x + dx, -
The frequency distribution of weakest units for specimens containing 
r units is given by
P^(x) = r f (x) j^ J f(x) dxj ^ 1  (7.5)
and the mean failure stress is
eO
Xf J X (x) dx  (7.6 )
The above equations have been applied to physical phenomena by 
Peirce (1926), Frenkel and Kontorova (1943), Fisher and Hollomon (l947), 
Evans and Pomeroy (195S) and Jellinek (1958) using various distributions
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for f(x),
A simple empirical distribution which fits many experimental data 
reasonably well is Weibull*s distribution, Weibull (1939) assumed that 
the probability of a unit surviving a stress x is given by
p(x) =  ..(7.7)
where x and m are material constants. The constant m is an index of 0
the relative number of flaws in the material, A high value of m indicates 
a material with a large number of flaws per unit volume.
Thus the probability of a volume containing r units surviving a 
stress X is, from equation 7.7,
m
and the frequency distribution of weakest units is from equation 7.5 given by
= rm
X
vm
Fhom equations 7.9 and 7.6, and using the substitution 
m
z = r
(7.9 )
(7.10)
we obtain
= T7m
(7.11)
This is known as the Eulerian integral and can be integrated by parts to 
give
(7.12)
The gamma function, I*, has been tabulated (The Chemical Rubber 
Company, 1965-66). From equation 7.12, it can be seen that the mean 
strength x^ is proportional to r"^  , Thus, as specimen size goes up,
the strength goes down. The greater the magnitude of m, the smaller the 
effect of size.
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It was shown in Chapter 6 that the average longitudinal stress in 
the paste at the paste-aggregate interface is twice the average longitudinal 
stress in the paste framework, irrespective of the aggregate volume 
concentration, provided %%> E^, If E^ is only several times larger than 
the ratio of the two stresses is a little less than 2. It therefore 
follows that failure in concrete probably begins at or close to a paste- 
aggregate interface rather than in the general framework of the paste.
If the volume of the region in which failure is initiated is proportional 
to aggregate particle volume, it follows from equation 7.12 that failure 
is most likely to begin around the largest aggregate particle. However, 
failure of concrete is, in general, a progressive process, and so failure 
of the paste close to a single particle of aggregate need not cause 
collapse of the concrete but will increase the stress in much of the 
remaining unbroken parts of the specimen. As the applied load is increased, 
the number of aggregate particles around which paste failure has occurred 
increases until a stage is reached when the unbroken paste and aggregate 
framework can no longer support the applied load and collapse occurs.
For simplicity, let us assume that a continuous aggregate grading 
can approximate to a range of discrete sizes. An example is given in Table 
7,1o Now, in order for collapse of the concrete to occur, it is only 
necessary for failure to occur around a proportion of the aggregate particles, 
An indication of the proportion by volume of the aggregate particles 
participating in the failure process is given in Table 7.2, From assumption 
5, the final column of Table 7.1 and equation 7.12, it may be taken that 
only the top size aggregate fraction participates in the failure process, 
provided the volume of this fraction is above some minimum level (see, 
for example, Table 7.2),
Because concrete failure is generally a progressive process*, 
the problem of the distribution of strength of a concrete specimen cannot 
be treated as a simple problem of the distribution of the weakest values.
Let us, therefore, assume that a concrete cube approximates to a system
* Failure of concretes of low water/cement ratio may not be a progressive 
process. For such concretes, a simple weakest link concept may be 
appropriate,
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TABLE 7.1
AN EXAMPLE OF A CONTINUOUS GRADING 
AND AN ASSUMED RANGE OF EQUIVALENT DISCRETE SIZES OF AGGREGATE.
Sieve size 
range
Equivalent 
discrete sizes 
(mm)
Ratio of particle 
volume to particle 
volume in top size 
fraction
10 to 19 nun 14.4 1
4.8 to 10 mm 7.2 l/8
2.4 to 4.8 mm 3.6 l/64
1.2 to 2.4 mm 1.8 1/512
600 pm to 1,2 mm 0.9 1/4096
300 to 600 pm 0.45 1/32768
150 to 300 pm 0.225 1/262144
TABLE 7.2
PROPORTION OF AGGREGATE PARTICLES BY 
VOLUME PARTICIPATING IN THE FAILURE PROCESS,
Aggregate
volume
concentration
\
Proportion of aggregate particles by
volume participating in failure process 
a
P = 5.575 P = 8 P = 27
0,6 0.49 0,21 0.06
0,7 0.42 0.18 0.05
0.8 0.57 0.16 0.05
* a = l/p V^, The volume of each fractured region = px (aggregate 
particle volume),
of n groups of units, where the strength of each group is governed hy the 
strength of its weakest unit and where n is proportional to the number of 
aggregate particles in the top size fraction. Failure of the system is 
assumed to occur when all n groups have broken. If, after failure of
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each group, the load sheds itself uniformly onto the remaining unbroken 
groups, the problem reduces to the solution for the distribution of strength 
for n chains in parallel. Daniels (1945) and Jellinek (195S) have 
developed the statistics for the failure of chains in parallel,
Daniels showed that, for large values of n, the failure stress is 
a constant, independent of the number of chains, for chains of constant 
length, e.g. constant r. Jellinek showed that the average failure stress 
for n chains in parallel is given by
P  (l/m + 1 ) x^n I k.
n^A
    (7-13)
where A is the cross-sectional area of each chain and k^ is a constant.
It was shown by Jellinek (195S) for m = 1 and 2 and by Hobbs (1962) for 
m = 7 that the strength of specimens of constant r rises rather quickly 
with the number of parallel chains, provided n is small. For large 
values of n, equation 7.13 becomes (Daniels, 1945; Jellinek, 1958).
P(l/m + 1 ) X k
= ' 1/m........   (7.14)
Thus
k^x^  (7.15)
where k^  is a constant.
Thus, for constant n and also for large n, x_ is proportional
to
When n is large, the standard deviation (Daniels, 1945; Jellinek, 
1958; Hobbs, 1962), s, of the failure stress is given by
s = "o m -2/m
(mr)1/% "  .............
or alternatively for constant m by
s = kgXg y^ /nr^ /^  ^  (7.17)
If 20 then 0.974^ P ( l A  + 1 ) ^  1.000.
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where is a constant.
If is the volume of each aggregate particle in the top size 
fraction, from assumption 5, equations 7.15 to 7.17 become
X = k.x. (k_V^ , ■  (7.18)f 1 0 3 at
z -ne -2/“/-Vra  (7.19a)
and
= ^2*0 V ^ ( V a t  ..... (7.19b)
where k^ is a constant.
Now it has been shown (see Chapter 6) that the average longitudinal 
stress in the paste at the paste-aggregate interface may be given by 
equation 7.1 which, for large E^, reduces to equation 7.2. From equations 
7.2 and 7.18, the applied mean failure stress, Cg, may be written
-  ki 1 + Va  (7.20)
since = 2 0^/(l + V^), and from equations 7.2 and 7.19 the standard 
deviation of the applied failure stress may be written either as
s = z^ 1 ~ ^ \ .^ /ne ~^/^ -ne m"^/^(kyV^^)"^/^,,........(7.21a)
or for constant m as
8 = k^x^  ^ ^ ^a^/n(k^V^^)"'"/^  (7.21b)
The factor m is an index of the relative number of flaws in the 
material (Weibull, 1939). It therefore follows from equation 7.20 that 
mean strength goes up when the number of flaws goes up. This can only be 
true if flaw size goes down as the number of flaws goes up. As far as the 
author- is aware, this is what happens in practice, e.g. in sandstones, 
siltstones and coal.
The number of flaws per unit volume of the paste may quite 
reasonably be taken to be a function of the number of cement particles per 
unit volume of the paste, the curing conditions and the curing time. The 
number of cement particles per unit volume of the paste is
o/|rr53^
c/^ +  W +  V
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where c is the cement content by weight, w is the water content by weight,
V is the paste air content by volume, is the cement density, R is the 
average cement grain radius and (c/c> + w + v) the volume of the paste.
Thus the number of flaws per unit volume, for constant cement fineness, 
is given by
where t is the curing time and<£'the * curing conditions'. Thus, for 
constant t and ^
“ ^2 ( o/^ Ÿ .  + v)  (7.22b)
and therefore
•f = ( . /  # t, G    (7.22a)
c/o + w +  V
1- = f^ ( c/p + w + V  ^   (7.23a)
m
When V = 0, equation 7.23a may be written
J_ = f (w/c)  (7.23b)
m
where f^ ^(c^+ w + v)/(c/^ )^ and f^(w/c) increase with increasing 
(w + v)/c and w/c respectively.
The most elementaiy forms for equations 7.23a and 7.23b are
i = (c//> + w + t )  (7.24a)
and
1 = kr + w................................ ...... ...(7.24b)
m 5 6 -
respectively, where k^, k^ and kg are constants. It follows from equation 
7.23a that, when v = o, kg/k^ = p  ,
Substituting equations 7.24a and 7.24b into equations 7.20
gives _
OJ = k.j  ^ \ X (k^V J-^4 [ ( ° ^  + " + ^)/(c//> )]
° 5 at  (7.25a)
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and
N / -kg (w/c)
- kj (j + V^)x^(kg7^^) (kjT^^) .(7.25b)
Z
respectively. For constant and equations 7.25a and 7.25b
reduce to
<, = > .........
and
£f =kg/k^Q/............................................ (7.26b)
respectively, where k^, kg, k^ and k.^  ^are constants. Equation 7.26a 
is similar to Feret’s law and equation 7.26b is the same as Abrams’s law*.
If it is assumed that, for a given cement fineness, l/m is 
related to void/solid ratio, equation 7. 20 for the case when l/m is 
linearly related tolp/(l ) (see Appendix A)jwhere Tp is the porosity,
becomes
,  = ,  .........
where k.^ and are constants. It is suggested that this expression may 
be more general than equation 7.25b, because equation 7.25c may be valid for 
all water/cement ratios, curing times and curing conditions,
7.5 DISCUSSION
From equations 7.13, 7.20, 7.21a, 7.21b, 7.23a and 7.23b, it is 
possible to predict the probable trend in mean compressive strength and 
standard deviation with increasing V^, w/c and cube size. The trends
predicted are as follows,
(1) If the maximum aggregate particle size is increased, both mean 
strength and standard deviation will decrease, the standard deviation more 
rapidly than the strength. The effect of changes in maximum aggregate 
particle size will be most pronounced at high water/cement ratios.
(2 ) If the aggregate volume concentration is increased, both mean 
strength and standard deviation will increase, the standard deviation more 
rapidly than the strength,
* In Appendix A it is shown that an equation based on Abrams’s law can be 
be used to obtain a good fit to some strength porosity results,
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(3) If the water/cement ratio is increased, both mean strength and 
standard deviation will decrease, the mean strength more rapidly than the 
standard deviation.
(4 ) If the size of cube is increased then, for large n, the mean 
strength will be constant and the standard deviation will increase,
Ihe probable trends in mean compressive strength and standard 
deviation predicted in (1) to (3) are also applicable to concrete cylinders. 
However, in the case of cylinders, the proportion of aggregate particles in 
the top size fraction participating in failure will probably be lower than 
for a cube with the same loaded cross-section and will decrease with 
increasing cylinder height. The cylinder strength will, therefore, be 
lower than that for a comparable cube, and will decrease with increasing 
cylinder aspect ratio.
7.6. APPLICATION
The experiments which are described were restricted to 28 day tests 
on cubes made from ordinary Portland cement and Thames Valley flint gravel. 
The water/cement ratios used range from 0,35 to 0,71, the largest particles 
of aggregate ranged in size from 2,4 to 19 mm and the aggregate volume 
concentrations ranged from 0.64 to 0.80, The experiments were carried out 
to determine the constants in equation 7.20 and then to check whether the 
resulting equation gave a good fit to all the experimental results. 
Experiments to study the influence of such factors as type of aggregate, age 
of specimen and size of specimen upon cube strength were not carried out.
In order to obtain the constants in the derived expression for 
compressive strength, two alternative approaches may be used. Firstly, 
geometrically similar cubes of different sizes and various aggregate top 
size may be tested or secondly cubes of a single size and various aggregate 
top size may be tested. In both approaches, tests should be carried out 
with a range of water/cement ratios. In the first approach, for constant 
volume concentrations of water, cement and aggregate, the number of aggregate 
particles in the top size fraction is the same in each size' of cube tested, 
whilst in the second approach the number of aggregate particles in the top 
size fraction increases as the aggregate top size decreases. The second 
approach may therefore, only be used when the number of aggregate particles
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in the top size fraction is large.
The first approach, though apparently preferable, has three 
disadvantages :
(1 ) the quality of the cubes may vary with cube size;
(2) there may be an interaction between testing machine and specimen size;
(3) mean compressive strength may be dependent upon cube size (i,e,
the theory given earlier may not be valid).
Consequently, the second approach was used in the present work.
Two experiments were carried out. In the first experiment, the constants 
in the derived expression were estimated from 28 day cube strength tests, 
in the second experiment, the predicted strengths obtained from experiment 1 
were compared with the 28 day strengths obtained on cubes made with a 
different ordinary Portland cement from that used in experiment 1,
7 .6 .1, Experiment 1
7 .6 .1.1.Details of the experiment
Cubes of concrete and mortar of 130 nim side were prepared with 
water/cement ratios ranging from 0,35 to 0,71 and with aggregate/cement 
ratios ranging from 2.9 to 6,2 (see Table 7.3). For each water/cement 
ratio, concrete and mortar cubes were prepared with the same aggregate 
volume concentration but with each of the three aggregate gradings given 
in Table 7.4. An ordinary Portland cement (D 12) was used which had a 
compound composition calculated from a chemical analysis of C S^, 5^;
CgS, 15^; CyA 10^; and C^AF, The cement had a density of 3150 kg/m^
and a specific surface area of 289 m^/kg. The aggregate used was a Thames 
Valley flint gravel; the aggregate below 3 mm in size came from Chertsey 
and aggregate above 5 nun in size came from Kingsmead, The aggregate was 
used air-dried, and extra water was added to allow for aggregate absorption. 
The aggregate and all the water were put into the mixer pan an hour before 
the cement was added, and the batch was mixed for 4 minutes.
The slump and VB time for each batch are given in Table 7.3. From
each batch, six 150 mm cubes were compacted into cast-iron moulds on a
table vibrating at 50 Hz. The cubes were kept in a moist, curing room for 
24 h before being demoulded and then cured under water at a temperature
of 19°C for a further 27 days,
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TABLE 7.4
AGGREGATE GRADINGS,
Sieve
ssize
Percentage passing by weight
Experiment 1 Experiment 2
1 9 nun 100 — — 100 — —
9,5 mm 64 100 "" 64 100 - —
4.8 mm 40 64 100 40 64 100 —
2,4 mm 53 40 64 .55 40 64 100
1,2 mm 26 50 40 26 52 40 64
600 pm 19 19 28 19 24 28 40
500 pm 5 5 16 5 16 16 20
150 pm 0 0 0 0 0 0 0
For simplicity, 9.5 and 4.8 have been rounded off in the
text to 10 and 5 respectively.
At 28 days, the cubes were crushed in the normal manner (according 
to BS 1881 : Part 4 : 1970) in a Losenhausenwerk testing machine.
7,6.1.2. Results
The mean compressive strengths of the cubes tested are given in 
Table 7.5. The figure following the mean is the standard deviation. The 
mean compressive strength is shown plotted against water/cement ratio in 
Figure 7.1 . For one batch, the mix proportioning was obviously incorrect 
and the compressive strength of cubes prepared from this batch has been 
excluded from both Table 7.5 and Figure 7.1. It can be seen that, as 
predicted, the compressive strength goes up as the maximum aggregate size 
is reduced; however, there is no obvious reduction in standard deviation 
as the. maximum aggregate size is reduced, possibly because much of the 
variation in compressive strength between similar specimens may be attributed 
to the experimental technique.
The strength ratio for concretes prepared with the same water/cement 
ratio and the same aggregate/cement ratio but different aggregate top size
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is, from equation 7.20, given by
- f ^at2 \
V a t l /   (7.26)
where and are the mean compressive strengths of concretes
prepared by using average aggregate particle volumes in the top size 
fraction of and respectively.
Thus the strength ratio for ’concretes* with maximum aggregate 
sizes of 5 (4 .8) and 19 mm is given by
1/m
(5f19
^  = 64  (7.2 7)
whilst the strength ratio for ’concretes’ with maximum aggregate sizes 
of 5 (4 .8) and 10(9.5) mm and also 10 and 19 mm is given by
= ^ 1 0  = 8
^ ^ 1 0 ^ ^ 1 9  * "...... ,,(7.2 8)
i/m calculated by using equations 7.27 and 7.28 is shown plotted against 
water/cement ratio in Figure 7.2. There is a large scatter in the results; 
however, a. linear relationship can be fitted to the results because :
(1 ) the theory predicts that, as w/c increases, i/m increases;
(2 ) the correlation between i/m and w/c for the results obtained from
concretes with maximum aggregate sizes of 5 and 19 mm is statistically 
significant at the 10^ level;
(5) there are numerous publications from which It may be deduced that
^ + kg %  (7.24b)
The factor i/m may, therefore, be expressed in terms of water/cement 
ratio by the equation
1 =0.045. f +0.011   (7.29)
The values of the constants in this equation were obtained by the method 
of least squares.
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Substituting equation 7.29 into equation 7.20 gives
(S' = k. s (k,T ) w/c + 0.011)
^ ’ —   °  (7.30)
which may be rearranged to
log - log (1 + V^) + (0.043 w/c + 0 ,011) log
= log ^ lfo_ - (0,043 w/c + 0.011) log k.............. ..........(7.3 1)
2 ^
where = (YT/& )V^g.|. and k^ = (YT/^)k^; is taken to be the cube of
the equivalent discrete aggregate top size as given in Table 7,1,
In Figure 7.3, the term on the left-hand side of equation 7.31 is 
shown plotted against i/m = 0.043 w/c + 0.011, The points lie close to a
straight line. The values of k x /2 and k„ obtained by the method of
3 25least squares, where is in mm , are 237 and 3.84 x 10 respectively.
Thus the best-fitting equation for compressive strength is given by
cp = 237(1 + (3.84 X 10^5 + ?*.?.!!....(7.3 2)
Equation 7.32 is shown fitted to the compressive strength results 
in Figure 7.1. The mean strength calculated from equation 7.32, for each 
batch of cubes tested, is given in Table 7.3, together with the percentage 
difference between the observed and calculated mean strengths. Equation 
7 .32 gives a good fit to the observed strengths; at worst, the disagreement 
is 3^ . Thus equation 7.32 probably gives a good estimate of the mean 
strength of similar concretes prepared with water/cement ratios or aggregate 
volume concentrations or aggregate top sizes different from those used in 
the present experiments.
The strengths predicted from equation 7.32 are not sensitive to 
changes in k^ and k^. This is because the best-fitting values for 
k.|X^ /2 and k^ were calculated after the best-fitting relationship for i/m 
had been obtained. The main effect of changes in k^ and kg upon strength 
will occur at low water/cement ratios. For example, if i/m at low w/c is 
higher than given by equation 7.29 this will increase the effect of 
aggregate particle top size upon strength, whilst if i/m is lower than given 
by equation 7.29 this will decrease the effect of aggregate particle top 
size upon strength.
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7.6.2. Experiment 2
7.6.2.1. Details of the experiment
Cubes of concrete and mortar of 150 mm side were prepared with 
the batch proportions and maximum aggregate sizes given in Table 7.5.
The aggregate gradings used are given in Table 7.4. An ordinary 
Portland cement (D 11) was used which had a compound composition 
calculated from a chemical analysis of C^S, 46^; GgS,25^; 0?A,
11^; and C4.AP, 10^ , The cement had a density of 5150 kg/m^ and 
a specific surface area of 291 m^/kg. The aggregate, cube preparation 
and testing procedure were similar to those for experiment 1. The ' 
slump and VB time for each batch are given in Table 7.5.
7.6 .2.2. Results
The mean compressive strength of the cubes tested is given in 
Table 7.5. The figure following the mean is the standard deviation.
The mean compressive strengths obtained are about 15^ lower than the 
comparable mean compressive strengths obtained in experiment 1,
In order to fit equation 7.20 to the results, it may be assumed either 
that k.jx^ /2 and k^ are the same as in equation 7 .52 or that k^ and i/m 
are the same as in equation 7.52. The former is simpler but the latter 
is preferable because the ’material constant', k^x^/2 , is possibly similar 
for both cements, whilst the index of the relative number of flaws, m, 
probably has a different relationship to water/cement ratio for 28 day 
concretes and mortars made from each of the two cements.
If the mean cube strength of specimens with a water/cement ratio 
of 0 .5 9, an aggregate volume concentration of 0,80 and a maximum aggregate 
size of 19 nun is taken as a standard, either
=  206
2
when l/m = 0 .045 w/c + 0.011, or 
i/m = 0.0585 
when k x^ /2  = 257 and w/c = 0.59.
To obtain the relationship between l/m and w/c when k^x^/2 is taken
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to be 257, it is assumed that
experiment 1 _ 0.0585
(l/m) experiment 2 0,0564
for all w/c. It is accepted that such a simplication is questionable.
The predicted 28 day cube strengths of the various concretes and 
mortars tested are given in Table 7.5. The agreement between the observed 
and predicted strengths is reasonable for both methods of obtaining the 
predicted strengths. It therefore follows that, if the 28 day strength 
of one concrete is known, it may be possible to obtain a reasonable 
estimate of the 28 day strength of other concretes made from the same 
materials by using an equation similar in form to equation 7,52.
7.7. CONCLUSIONS
(l) The theory presented predicts that
(i) If the maximum aggregate particle size is increased, both mean 
strength and standard deviation will decrease, the standard deviation 
more rapidly than the strength. The effect of changes in maximum 
aggregate particle size will be most pronounced at high water/cement ratios,
(ii) If the aggregate volume concentration is increased, both mean 
strength and standard deviation will increase, the standard deviation more 
rapidly than the strength,
(iii) If the water/cement ratio is increased, both mean strength and 
standard deviation will decrease, the mean strength more rapidly than the 
standard deviation,
(iv) If the size of cube is increased then the mean strength will be 
constant and the standard deviation will increase,
(v) The mean compressive strength of concrete and mortars is given by 
1 + V,
O f  . k|
where k. and k„ are constants, V is the aggregate volume concentration. 
I p  a
x^ is a material constant, is the average volume of each aggregate 
particle in the top size fraction and w/c is the water/cement ratio.
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When. V and V , are constant and when a at
f(w/c) = kr + kg w/c
where k^ and kg are constants, the predicted equation simplifies to 
Abrams’s law.
(2 ) The best-fitting equation for the 28 day cube strengths of the 
range of concretes and mortars tested in experiment 1 is
eg = 257 (1 + (5*84 z w/o + 0.01 i)
where is the cube of the equivalent discrete aggregate top size as
given in Table 7.1 and w/c lies in the range 0,55 to 0,71. This equation , 
gives a good fit to the observed mean strengths for the range of aggregate 
top sizes covered.
(5) An equation similar to that given in conclusion 2 gives a reasonable 
fit to the 28 day strengths obtained in experiment 2 on a range of concretes 
and mortars made with a different ordinary Portland cement from that used 
in experiment 1 ,
(4 ) It is suggested that, if the 28 day strength of one concrete is 
known, the strength of similar concretes made from different mix proportions 
and with different maximum aggregate sizes may possibly be estimated from 
an equation similar to that given in conclusion 2.
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CHAPTER 8
STRENGTH OP CONCRETE UNDER COMBINED STRESS:
RESULTS OBTAINED ON ONE CONCRETE
8.1 INTRODUCTION
It was concluded in Chapter 5 that the magnitude of the intermediate 
principal stress may only have a small influence on the strength of concrete 
under combined stress. A similar conclusion may also be applicable to 
other materials. This is illustrated in Figures 8,1 and 8,2 where biaxial 
compression results are shown plotted for nodular iron (Clough and Shank, 
1956; Cornet and Grassi, 1961) and normally consolidated clay (Shibata 
and Karube, 1965) respectively. If the magnitude of the intermediate 
principal stress only has an insignificant influence on the strength of 
concrete under combined stress then the general strength behaviour of 
concrete under combined stress can be determined from tests on concrete 
specimens subject to two stress systems, namely
(i) (conventional triaxial compression) and
(ii) either
<3^  0, (3^  = 0, 0 (tension plus compression)
or
Oj' = 0, 0 (tension plus biaxial compression).
The present Chapter reports results of failure tests on specimens made 
from a concrete with a water/cement ratio of 0,A7 and an aggregate/cement 
ratio of 5.9. The specimens were tested in a wet condition at 4 ages 7, 14, 
28 and 56 days respectively under one of the following stress combinations
(conventional triaxial compression test) and 
^  0, <r 0 (tension plus biaxial compression test),
A few additional tests were carried out under the stress combination
(commonly called an extension test),
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This work was a preliminary study prior to carrying out the more 
comprehensive program of work which is described in Chapter 9. It is 
shown, for the range of stress combinations studied, that similar strength 
results are obtained in drained and undrained tests and that the strength 
results obtained may be represented by empirical equations.
8.2. MANUFACTURE OF CONCRETE SPECIMENS
The mix used had a free water/cement ratio of 0,47 and an aggregate/ 
cement ratio of 3.89. An ordinary Portland cement was used which had a 
compound composition calculated from a chemical analysis of C^S - 49 per
cent, C S - 28 per cent, C„A - 8 per cent, and C. AF - 5 per cent. The
/ 3 2 /cement had a density of 3140 kg/m and a specific surface area of 426 m /kg.
The aggregate used was a Thames Valley flint gravel and its grading is
shown in Table 8,1, The aggregate below 4.76 mm in size came from Chertsey
and the aggregate above 4.76 mm in size came from Kingsmead, The aggregate
was used dry and extra water was added to allow for aggregate adsorption.
The aggregate and all the water were put into the mixer pan an hour before
adding the cement and the batch was then mixed for 3 minutes,
TABLE 8,1
AGGREGATE GRADING
Sieve Size 9.52
mm
4.76
mm
2,40
mm
1 ,20
mm
600
microns
300
microns
150
microns
Percentage 
passing 
(by weight) 100 40 33 26 19 5 0
Eight batches were made, the VB time for each batch was less than 4 
secs, and their slumps ranged from 23 to 60 mm. From each batch 10 cylinders 
were cast, 400 mm long and 54.75 mm in diameter, in cast-iron cylindrical 
moulds. In six of the cast iron moulds a PVC sleeve 1,9 mm thick and 64 mm 
high was placed 38 mm above the mould base. For six of the batches an 
additional dumb-bell shaped specimen was cast in a steel mould. This 
specimen was 140 mm high with a shoulder diameter of 54.75 mm, a waist 
diameter of 50,65 mm and a waist length of 64 mm.
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The cylinders and dumb-bell specimens were kept in a moist curing 
room for 24 hours before demoulding. They were then returned to the moist 
curing room, apart from two or three brief periods, until required for 
testing. The surfaces of the cylinders and dumb-bell specimens were 
wire brushed 2 to 4 days after casting to expose surface voids; the 
voids were then filled with a paste with a water/cement ratio of 0.35. 
Attempts to fill the voids with a fine mortar with a water/cement ratio 
of 0,47 were not successful. Four days or more after casting the cylinders 
were bedded into wooden moulds partially filled with a quick setting 
plaster and three specimens were cut from each cylinder using a carborundum 
Clipper saw. The three specimens were labelled so that their position 
within the cast cylinder could be noted when the specimens were ultimately , 
tested,* Six days or more after casting the specimen ends were ground 
flat and parallel. The dumb-bell specimens were 140 mm long and the 
cylindrical specimens were 110 to 120 mm or 1 50 mm" long,
8,3, EXPERIMENTAL PROCEDURE
A diagram of the pressure cell is shown in Figure 8.3a, The cell is 
known as a Hoek cell (Hoek and Franklin, 1968) and is manufactured by 
E.L.E, Limited, The hydraulic pressure was applied to the cell by an E.L.E, 
single gauge console unit. The hydraulic pressure is controlled by means of 
a coarse control valve and an electro-mechanical control unit. This control 
unit enables the hydraulic pressure to be maintained constant when required 
with little effort on the part of the operator. The axial load was applied 
to the concrete specimen by a Losenhausenwerk testing machine.
The concrete specimens were subjected to one of the following stress 
systems
(i) ^  0 the conventional triaxial compression
test
(ii) C5j' = ^  0 commonly called an "extensioh" test
and
(iii) = O ^ > * 0 ,  O ^ C O  tension plus biaxial compression.
The three stress systems are illustrated in Figures 8,4a to 8,4c,
* The position of the specimen within its parent cylinder was found to 
have no influence on the results and is therefore not considered any 
further,
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The third stress system was achieved by subjecting a dumb-bell specimen 
of concrete to a load Q on its ends and to a hydrostatic pressure P along 
its length. The axial stress produced in the waist of the dumb-bell 
specimen is given by
o; = _ih
 ^ Tfd
W
and P =
Where d and d are the diameters of the shoulder and waist of the dumb-bell 
s w
specimens respectively. Thus by varying Q it is possible to vary the ratio
0| at failure. In the present experiments d^ = 54.75 mm and d^ was 
approximately 51 mm. This method of initiating tensile failure in a 
dumb-bell specimen is similar to that employed by Gurney and Rowe(l945), 
Murrell (l958) and Brace (1965).
Details concerning the stress combinations selected for study are 
given in Tables 8,2 and 8,5 together with the ages at which the concrete 
specimens were tested. Three specimens were tested for each stress 
combination and the testing sequence was obtained by randomising the 
specimen selection. In the drained test the development of pore water 
pressure was restricted by allowing displaced pore water to escape through 
the loading platens. The loading platens used in the drained tests are 
illustrated diagrammatically in Figures 8,5b, In the undrained test pore 
water pressures as high as are possible.
In the conventional triaxial compression test a small confining 
pressure and a small axial load were first applied to a 110 to 1 20 mm long 
concrete specimen. The confining pressure was then increased to its 
predetermined value (see Table 8,2) at which it was maintained constant, 
the axial stress was subsequently increased at a rate of 15 N/mm^/min 
and measurements were made of applied load and machine platen displacement 
until failure occurred. The platen displacement was measured using a dial 
gauge with divisions of 0,002mm, Failure was assumed to have occurred when 
the axial load fell, or when the axial load remained constant whilst the 
concrete specimen was continuing to deform or in the case of "plastic flow" 
when the increase in axial load per revolution of the dial gauge (0,2 mm)
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fell to about 0,2 per cent, 0,2 per cent represents the increase in 
load which is necessary to maintain a constant axial stress on the 
concrete specimen if it is assumed that the specimen volume remains 
constant when "plastic flow" is occurring.
In the tension plus biaxial compression test, when a small axial load 
was applied (see Table 8 ,5), the axial load on the dumb-bell specimen was 
first increased to its predetermined value, at which it was maintained 
constant, the confining pressure was then increased and measurements were 
made of confining pressure and machine platen displacement until failure 
occurred. When failure occurred the confining pressure fell and the axial 
load was increased resulting in a rapid change in platen displacement. In 
a number of instances audible cracking of the concrete specimen 
coincided with failure,
TABLE 8,2
CONVENTIONAL TRIAXIAL COMPRESSION TEST - CONFINING PRESSURES 
SELECTED AND AGE OF SPECIMENS WHEN TESTED.
Confining
Pressure
(N/mm^)
Drained (d) or 
Undrained (u)
Specimen Age when 
Tested 
(Days + 4 hours)
0 D 7, 14, 28, 56
2,5 D and U 7, 14, 28, 56
5.0 D and U 7, 14, 28, 56
10.0 D 7, 14  ^28, 56
15.0 D and U 7, 14, 28, 56
20,0 D 28, 56
25.0 D 28, 56
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TABLE 8.3
"EXTENSION"TEST - AXIAL STRESSES SELECTED AND AGE OF SPECIMENS WHEN TESTED: 
TENSION PLUS BIAXIAL COMPRESSION TEST - APPLIED AXIAL STRESS AND AGE
OF SPECIMENS WHEN TESTED
"Extension" test Tension plus biaxial compression test
Axial Specimen Applied Axial Waist Specimen Age
stress. age Stress Diameter
(days + 40/ I^ gdw (mm) (Days + 4 hours)
(N/mm^) 4 hours) (N/mm )
0 7, 14 0 51 7, 14, 28, 56
2.5+ 7, 14
*
1 .1 51 7, 14, 28, 56
5.0 7, 14
*
2,1 51 7, 14, 28, 56
0 50,65 28, 56
Drained test
Trial runs with a BLH Calibration indicator, manufactured by BLH 
Electronics, Inc., showed that the stress was probably maintained 
constant to within + 3 per cent.
© Maintained constant to within + 1 per cent
* Maintained constant to within + 4 per cent
In the tension plus biaxial compression test, when no axial load was 
applied, a small gap was maintained between the upper machine platen and 
the top cell loading platen and the confining pressure was increased until 
failure occurred. When failure occurred the confining pressure fell and 
the gap between the upper machine platen and the top cell loading platen 
suddenly closed.
In the "extension" test a cylindrical specimen either 110 to 120 mm 
long* ( 7 day specimens) or 150 mm long* (14 day old specimens) was tested 
in a similar manner to the dumb-bell specimens.
The reason for the change from 110 to 120 mm long specimens to 150 mm 
long specimens is given in section 8,4.1.
- 83 -
8.4. EXPERIMENTAL RESULTS AND DISCUSSION
8.4.1 Modes of Failure
The apparent modes of failure exhibited by the concrete specimens 
are illustrated diagrammatically in Figures 8.4a to 8.4c. Typical stress- 
longitudinal strain curves obtained on concrete specimens tested in triaxial 
compression at ages of 7, 14, 28 and %  days and subject to confining 
pressures up to 15 N/mm^ are shown in Figure 8,5. The strains were obtained 
from the platen displacement measurements and are corrected for strains 
occurring in the cell loading platens but are not corrected for bedding 
down of machine platens and cell loading platens.
Examination of Figure 8,5 shows that the strains at failure and the 
amount of "plastic flow" or non-linearity prior to failure increased 
substantially with increasing confining pressure and also that the failure 
strain decreased with increasing specimen age. Only the specimens tested 
at atmospheric pressure and the 56 day old specimens tested at a confining 
pressure of 2.5 N/mm fractured. For these specimens an apparently intact 
cone of concrete was formed either at one end or at both ends of the 
specimens; the remaining parts of the specimens had many cracks roughly 
parallel to the specimen axis (see Figure 8,4a). The concrete specimens 
tested at confining pressures greater than 2.5 N/mm^ exhibited gross failure 
in the manner illustrated in Figure 8,4a; cracking was rarely visible on 
the specimen surface. Subsequent loading of a number of these specimens 
at atmospheric pressure caused the specimens to collapse leaving an 
apparently intact cone at each end of the specimen.
It is considered that failure of the concrete specimens in the triaxial 
compression test, at all values of the confining pressure, was by localised 
plastic flow or localised shear failure. The cracking which was observed 
to occur parallel to the specimen axis in tests at atmospheric pressure is 
not considered to be fundamental to the failure process but is attributed 
to the wedging action of the intact end cones.
In the "extension" test the 7 day old specimens, which were 110 to 
120 mm long, failed close to the specimen ends along a plane inclined to 
the specimen axis in the manner illustrated in Figure 8,4b. The specimen 
length was therefore increased to 150 mm, which is longer than the internal 
length of the pressure cell, for tests on 14 day old specimens. The 14 day
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old specimens failed along a single plane or along a number of closely 
spaced planes inclined to the specimen axis; however in all but two of the 
specimens failure occurred close to the internal ends of the pressure cell.
In the "extension" test complete loss of cohesion within the specimen did 
not always occur at failure.
The dumb-bell specimens which were tested in the tension plus biaxial 
compression test fractured along a planewhich was perpendicular to the 
specimen axis. About 1 in 4 of the specimens failed close to their shoulders. 
A small amount of aggregate fracture was observed and there was a tendency 
for the amount of aggregate fracture to increase with increasing confining 
pressure.
8,4.2, Failure Stresses
8,4.2.1, Triaxial Compression
The mean axial failure stresses obtained in the drained triaxial tests 
are shown plotted against confining pressure in Figure 8,6, The coefficients 
of variation of the mean axial failure stresses ranged from 0,5 to 5o5 per 
cent.
The application of a confining pressure to the concrete specimens 
resulted in large increases in strength; the slope of the axial failure 
stress versus confining pressure curve varied from about 6,0 at low confining 
pressures to about 5.5 at the highest confining pressures employed. The 
axial failure stress in the undrained test was only about 5 per cent lower 
than in the drained test; however a statistical analysis of the combined 
results using the Paired ’t* test showed that the differences in the mean 
strengths between the drained and undrained tests were statistically 
significant at the 0.1 per cent level. Since the difference in the mean 
strengths is small it can be concluded that only low pore water pressures 
were developed in the specimens and consequently the specimens were not water 
saturated. In a saturated specimen the developed pore water pressure is the 
same as the confining pressure and for such a specimen the principal stress 
difference at failure, Cjj* - C5^ , is believed to be constant (Hobbs, 1967).
As the concrete aged the strength in triaxial compression increased 
but the proportional increase in strength produced by a given confining 
pressure went down. This is probably because the compressibility of a
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concrete specimen decreases with specimen age due to the reduction in 
paste porosity which is caused by additional hydration during moist curing.
The relationship between the axial failure stress, at a given
specimen age, and the confining pressure, <3^ ,^ can be expressed by an
equation of the form
kg
" L  + ^1 ........(8 .1)
where is the compressive strength at atmospheric pressure and and k^ 
are constants. This equation has previously been shown to be a good fit to 
triaxial compression results obtained on both concrete (Newman and Newman, 
1969) and many rocks (stag, 1967; Hobbs, 1970),
The compressive strength at atmospheric pressure, U^ , of the particular 
concrete specimens tested can be expressed in terms of specimen age, t days, 
by an equation of the form
= k_ - k^ for 'T' ^  ^  56.............. .....,...(8,2)
t
The magnitude of the constants ky and k^ obtained by the method of least
squares is 46,6 and 108,4 respectively when is in N/mm^,
The magnitude of the constants k^  and k^ in equation 8,1, obtained by 
the method of least squares, is given in Table 8 ,4 . No obvious dependence 
of k^  or kg upon specimen age, t, is apparent. However if kg is taken to be 
the mean of the values of kg given in Table 8,4, namely 0,865, then equation
8,1 becomes
<3jf = 0^ +   (8,3 )
The magnitude of k^ obtained by the method of least squares is given in 
Tal 
by
ble 8,4. The relationship between k^ and t can be expressed approximately
k^ = kg log t + ky ..........(8 ,4 )
where the constants kg and k^ are 0.850 and 5.41 respectively. Alternatively 
instead of taking an average value for kg an average value for k^  can be 
taken; however this results in a more complicated equation.
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TABLE 8.4
MAGNITUDE OP CONSTANTS , kg, k^ and k^
Concrete Age 
(Day)
%: kg ,^5 kg
7 6,25 0.859 6.14 0.466
14 6.16 0,882 6.54 0.413
28 7.54 0.815 6.75 0.426
56 6.55 0.896 6.84 0.427
All ages - — 0.430
It follows from equations 8.2, 8,5 and 8,4 that the axial failure 
stress can be expressed in terms of specimen age and confining pressure by
0.865
CTj-jg. = 46,6 - (l08.4/t) + (0,850 log t + 5.41 ) (5^  ^  .(8,5)
or alternatively from equations 8,2 and 8,5 the axial failure stress can be 
expressed in terms of compressive strength at atmospheric pressure and 
confining pressure by
-I 0.865
o . , , o c © © ( 8 , 6 )
^ f 7.14- 0,850 log (46,6 - U^)
Equation 8,5 is shown fitted to the experimental results in Figure 8,6. 
Equation 8,5 gives an extremely good fit to the experimental results; 
however the extrapolation of the curve outside the region 7 ^ t -^56 days 
may not be valid since equation 8,2, in particular, may no longer be 
applicable.
From equation 8,5 the strength gain rate is given by
0.850 0-863
" T - S fdt
108,4
t ( constant) (8.7)
and also 
d
constant) . . .(8.8)
Thus from equation 8,8 when tends to zero, d CJj^/dC^^ tends to infinity, 
This is not realistic for it suggests that the concrete has no tensile 
strength, nevertheless equation 8,5 gives a good fit to the experimental
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results for all values of(3^  ^between 25 N/mm and zero.
8.4.2.2 "Extension"
The mean confining pressure at failure in the "extension" test, 
for the two specimen ages 7 and 14 days, is shown plotted against the axial 
compressive stress in Figure 8.7, together with the curves given by equation
8.5 for t = 7 and 14 days.
The results obtained in the "extension" test are similar to the results 
obtained in the triaxial compression, test; it therefore appears that the 
magnitude of the intermediate principal stress has little influence on the 
failure stress. However this conclusion may be fortuitous for the following 
reasons
(i) In the conventional triaxial compression test the restraint of the steel 
end platens hinders the lateral expansion of the concrete specimen which 
results in an increase in strength,
(ii) In the "extension" test, unlike the triaxial compression test, failure 
apparently occurs only within a narrow region of the specimen, the influence
of inherent weaknesses on failure will therefore give rise to greater reductions 
in strength in the "extension" test.
(iii) Concrete specimens probably exhibit strength anisotropy since during 
casting and setting (a) bleeding may occur beneath aggregate particles, (b) 
air voids may be trapped beneath aggregate particles and (c) the shortest 
axis of each aggregate particle will tend to lie parallel to the cylinder 
axis. Weaknesses aligned in a plane perpendicular to the cylinder axis are 
therefore probably formed during casting and setting,
(iv) In the "extension" test any tensile stress induced in the axial
direction by localised failure and also, in the case of the 14 day old
specimens, by method of loading (Berenbaum and Brodie, 1959) may reduce the 
confining pressure at failure,
8,4.2.5. Tension -plus biaxial compression
The mean confining pressure at failure obtained in the tension plus 
biaxial compression test, for the 4 specimen ages, is shown, plotted 
against the mean axial tensile stress in Figure 8,7.
The compressive stresses perpendicular to the tensile stress for the
range of confining pressures covered, and the specimen age had little 
influence on tensile strength. However there was a tendency for the tensile 
strength to decrease at the higher values of confining pressure employed. 
Extrapolation of the results to zero confining pressure suggests a uniaxial 
tensile strength of about 1.7 h/mm^ for all the specimens tested regardless 
of age. The ratio of uniaxial tensile strength to compressive strength at 
atmospheric pressure for the concrete tested therefore ranged from about 
0.055:1 at 7 days to 0,059:1 at 56 days. This low ratio was probably 
observed because the specimens were broken parallel to the direction of 
settlement,
8.4.5.4 General
A reasonable fit to all the strength results is given by the 
following equation.
kg
— kg( H" ) . . C O . . .«..(8.9)
where U, is the uniaxial tensile strength which is taken to be about
1 .7  N/mm ; and kg and kg are constants. If it assumed that the failure
envelope passes through = U when CTi = 0 then equation 8.9 becomes
• + h )  / h   (8.10)°1f - L
The values of the constant kg obtained by the method of least squares 
by fitting equations 8.10 to the triaxial compression results and using 
the values of predicted by equation 8.2 are given in Table 8,4. No 
dependence of kg upon specimen age is apparent.
Equation 8,10 is shown fitted to the "extension" and tension plus 
biaxial compression results in Figure 8.7 for t = 7, 14, 28 and 56 days and 
to all the results in Figure 8,8 for t = 7 and 28 days, A value of 0.450 
was taken for kg.
8.5 CONCLUSIONS
Strength measurements in experiments of short duration were made on wet 
specimens of a concrete with a water/cement ratio of 0.47 and an aggregate/ 
cement ratio of 5.9. For the particular concrete tested it was found that
(1) The application of a confining pressure resulted in large increases 
in compressive strength, the slope of the axial failure stress versus 
confining pressure curve varied from about 6,0 at low confining pressures to
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about 5.5 at the highest confining pressures employed.
(2) The strength in triaxial compression increased as the concrete aged. 
The proportional increase in strength produced by a given confining pressure 
went down as the concrete aged,
(5) The axial failure stress in drained triaxial compression tests was 
only about 5 per cent higher than in the undrained tests,
(4 ) The axial failure stress in triaxial compression was given by
CJj'f = - (k^/t) + (kg log t + ^2
where t is the specimen age in days, <3^ is the minor principal stress in 
N/mm^, k^ = 46.6, k^ = 108.4, kg = 0.850, k^ = 5.41, k^ = 0.865 and 
t?" ^  t ^5 6 ,  or alternatively the axial failure stress in triaxial 
compression was given by
k
[ k i o - k g l o g  ( k g  -  0 ^ ) ]  ( % .
where U is the compressive strength at atmospheric pressure in n/n
k^g = 7.14 and 51.2 <44.7.
(5 ) A reasonable fit to all the results obtained in triaxial compression, 
"extension" and tension plus biaxial compression was given by the following 
equation ^ - k k
■9
where kg = 0.450 when U^=£b1.7 N/mm , 51.2 ^ 44.7 and ~7 ^  t <  56
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CHAPTER 9
STRENGTH AND DEFORMATION PROPERTIES OF A RANGE OF CONCRETES UNDER
COMBINED STRESS.
9.1. INTRODUCTION
In the previous chapter measurements of the strength of one wet 
concrete under combined stress are described. The present chapter,gives the 
strength and stress-strain results obtained on 16 "moist" concretes, made 
from a range of mix proportions, under combined stress. All 16 concretes 
were tested at an age of 56 days and 4 of the concretes were also tested 
at ages of 14, 28 and 112 days. The "concrete" specimens were subject to 
the same applied stress systems as in the previous work (see Chapter 8) namely
(i) (2^  O 2 = 0 conventional triaxial compression
under drained conditions
(ii) ^  0, <C 0 tension plus biaxial compression
A few tests were also carried out under the stress system
(iii) 0, 0 equal biaxial compression.
The stress systems are illustrated in Figures 8,4a and 8,4c, Stress systems
(ii) and (iii) were achieved by subjecting dumb-bell specimens of concrete to 
a load Q on their ends and to a hydrostatic pressure, = C5^ , along
their length.
It is shown that both the water/cement ratio and the aggregate volume 
concentration have a large influence on the strength and stress-strain 
behaviour of concrete under combined stress, A general failure criterion 
is given in which the major principal stress at failure is expressed as a 
simple function of the minor principal stress and the compressive strength 
at atmospheric pressure. It is shown that this failure criterion gives a 
reasonable fit to all the results obtained on the conventional concretes 
tested,
9.2, SPECIMEN PREPARATION AND MATERIALS USED
The "concrete" mix proportions, aggregate volume concentrations and 
the number of batches from which the specimens were cast are given in
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Table 9.1. The cement used was an ordinary Portland cement with a
compound composition calculated from a chemical analysis of CyS - 46 per
cent, C S - 25 per cent, C„A - 11 per cent and C.AF - 10 per cent,
/ 3The cement had a density of 3150 kg/m and a specific surface area of 
291m^/kg, The aggregate used was a Thames Valley flint gravel with the 
grading shown in Table 8,1, The aggregate was used dry and extra water was 
added to allow for aggregate absorption. The aggregate and all the water 
were put into the mixer pan an hour before adding the cement and the batch 
was then mixed for 4 minutes.
From each batch 2 to 7 cylindrical specimens, 400 mm long and 54.75 mm 
in diameter, were compacted into cast iron moulds on a table vibrating at 
50 Hz. In a number of the cast iron moulds a PVC or brass sleeve 1 or 2 mm 
thick and 64 mm high was placed 58 mm above the mould base. For 9 of the 
mixes used, a further 8 dumb-bell shaped specimens were cast from each batch 
into steel moulds. These specimens were 140 mm high with a shoulder diameter 
of 54.75 mm and a waist length of 64 nim, 4 of the dumb-bells had a waist 
diameter of 49.5 mm, and 4 had a waist diameter of 52,1 mm.
To eliminate settlement and bleeding the moulds containing 7 of the 
mixes used (see Table 9.1 ) were clamped to a machine and rotated overnight 
at 6 revs per minute. To allow for the volumetric contraction which occurs 
when cement paste is plastic (Neville, 1965), a small central hole was 
drilled through the mould end plates and a thick rubber gasket was clamped 
between the mould and each of its end plates. This technique is the same 
as that used by Spooner (l972). The moulds containing the other 9 mixes 
were placed in a moist curing room immediately after casting.
The cylinders and dumb-bells were prepared for testing in a similar 
manner to that described in Chapter 8 except that at approximately 7 days 
prior to testing the specimens were dried in an air conditioned room 
maintained at 20 + 1 C and 65 + 2^ RH until their weights had fallen to 
their as cast weights. The "moist" specimens were subsequently sealed in 
plastic bags for 7 days prior to testing to eliminate or reduce any 
moisture gradients within the specimens. It is considered that "moist" 
specimens are more representative of concrete in a structure that specimens 
conventionally tested which either contain additional water absorbed during 
fog room or water tank curing or are allowed to dry prior to testing. The 
cylindrical specimens were 110 to 120 mm long and the dumb-bell
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TABLE 9.1 
MIX PROPORTIONS USED IE STUDY
Water/Cement 
ratio
0.35 0.47 0.59 0.71
aggregate volime 0 * 0 ^ 0 ^ 0 *
concentration
aggregate/cement 
ratio
0 0 0 0
number of batches 2 2 2 2
aggregate volume 0.42 0.41* 0.42^ 0.41*
concentration
aggregate/cement 1 .21 1.42 1.64 1.85
ratio
number of batches 1 2 2 2
aggregate volume 0.52 0.66 0.70 0.70
concentration
aggregate/cement 2.95 3.89 5.49 6.19
ratio
number of batches 1 1 1 1
aggregate volume 0.66 0.70 0.75 0.75
concentration
aggregate/cement 3.30 4.75 6.99 7.91
ratio
number of batches 3 3 3
3€ rotated whilst setting occurred.
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specimens* were I40 mm long.
Two or five linear foil resistance gauges (120JL ), each with a 
gauge length of 25 nim, were fixed to the surface of the specimens, to 
measure the tangential and radial strains using a Fleming strain gauge 
adhesive. Each gauge was covered with a short length of transparent tape.
When 5 gauges were used, 3 were wired in series (2 tangential gauges plus 
1 longitudinal gauge) to measure the volumetric strain directly, and the 
remaining 2 gauges were used to measure the tangential and longitudinal 
strains,
9.3c EXPERIMENTAL TECHNIQUE
Cylindrical or dumb-bell shaped concrete specimens were subjected to 
a hydrostatic pressure around their circumference in a Hoek NX size pressure 
cell (Soek and Franklin, 1968. Figure 8,3)« The hydraulic pressure was 
applied by an ELE pump system. The axial load was applied to the concrete 
specimens by an Avery Universal testing machine. The cell pressure was 
measured with both the console gauge and a Bell and Howell pressure transducer 
with a range of 70 N/mm , The surface strains on the specimens and the cell 
pressure were recorded on a Bell and Howell ultra violet recorder used in 
conjunction with a signal conditioning unit. Galvanometers were used with 
sensitivities in the range 5 to 8 0 strain per mm deflection on the U.V, 
recorder chart. The displacement between the platens of the testing machine 
was measured with a dial gauge with divisions of 0.002 mm. A photograph of 
the apparatus is shown in Figure 9.1.
Details concerning the stress combinations selected for study are 
given in Tables 9.2 and 9.3. Each concrete was subject to between 5 and 7 
stress combinations. All of the "concretes" were tested at an age of 56 
days and four of the concretes, namely
(i) w/c 0.71; a/c 7.91.
(ii) w/c 0.59; a/c 6.99.
(iii) w/c 0.47; a/c 4.75,
(iv) w/c 0.35; a/c 3.3.
* Dumb-bell specimens of the 4 pastes tested were obtained by machining 
cylinders (I4O mm long) to the required waist diameter using a tungsten 
carbide tipped lathe tool. This method was used to avoid the shrinkage 
or settlement cracks which develop close to the shoulders of cast dumb­
bell shaped paste specimens.
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TABLE 9.2
DETAILS CONCERNING CONVENTIONAL TRIAXIAL COMPRESSION AND EXTENSION TESTS
Triaxial compression all "concretes" tested at = 0, 5 and 15 N/mm^
Extension(approximately concretes tested with mix w/ c 0.59, a/c 7.0
equal compressions) proportions of:- w/ c 0.59, a/c 5.5
w/ c 0.71, a/ c 7.9
w/ c 0.71, a/ c 6.2
TABLE 9.3
DETAILS CONCERNING TENSION PLUS BIAXIAL COMPRESSION TESTS
Waist Diameter 
(mm)
Applied Axial 
40
Stress, ^  ^  2 
(N/mm^)
"Concretes" tested
49.5 0 all
and
non-rotated concretes (see Table 9.1) 
pastes with w/c = 0.35, 0,47 and 0,39
50.8 0 w/ c 
w/o
w/ c
0.47, a/c 4.75; w/c 0.35, a/c' 3.3; 
0.59, a/c 1.64; w/c 0.47, a/c 1,42; 
0.35, a/o 1.21.
52.1 0 all
all
a/c
non-rotated concretes (see Table 9.1); 
pastes; w/c 0.59, a/c 1.64; w/c 0,47 
1.42;
53 0 w/c 0,71
in range 
49.5 to 52.1
in range 
2.1 to 5.2
w/c 
a/c 
w/ c
0.71, a/c 7.9 (t* - 28, 112); w/c 0.71, 
6.19; w/c 0.59, a/c 6.99 (t= - 28); 
0.47, a/c 3.89; w/c 0,35, a/c 1,81,
specimens were not tested at the ages (in days) given.
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were also tested at ages of 14, 28 and 112 days. In general six specimens 
of each "concrete" were tested in uniaxial compression and 2 or 3 specimens 
were tested at each of the other stress combinations. The specimens were 
selected at random. In total 451 specimens were tested and of these 
152 were crushed in uniaxial compression.
In the conventional triaxial compression test the specimens (l10 
to 120 mm long) were first subjected to a hydrostatic pressure of magnitude 
equal to the chosen confining pressure. The confining pressure was then 
maintained constant whilst the axial stress was increased at a rate of
1 5 h/mm^/min until failure occurred.
In the extension test, and in the tension plus biaxial compression 
test when Q / 0, the dumb-bell specimen was first subjected to a 
hydrostatic pressure along its waist of magnitude equal to the chosen axial 
stress and the confining pressure was increased until failure occurred.
For most of the tests under tension plus biaxial compression Q was equal 
to zero and variation in the ratio <3^  was then achieved by varying
the waist diameter,
9.4. TRIAXIAL COMPRESSION RESULTS
9.4.1. Strength *
The influence of mix proportions on the strength in triaxial 
compression for specimens tested at an age of 56 days is shown in Figures
9.2,a to d, 9.3 a and b, and 9.4 a to d. The effect of specimen age on 
the strength of concrete in triaxial compression is shown in Figures 9.5 
a and b. The values for atmospheric pressure are the means of 6 observations 
and those at each of the remaining confining pressures are the means of
2 or 3 observations. The results for the concretes with aggregate volume 
concentrations greater than 0.50 are tabulated in Appendix B, These 
concretes are subsequently referred to as conventional concretes.
The application of a confining pressure to conventional concrete 
results in large increases in strength and as concrete ages the strength 
in triaxial compression increases (see Figure 9.5 a - b). The increase 
in compressive strength at a given confining pressure due to ageing is
The maximum average stress supported by the specimens.
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approximately equal to the increase in compressive strength at atmospheric 
pressure and as a result the proportional increase in strength produced by 
a given confining pressure goes down as the concrete ages.
The failure stress, may be expressed very approximately in terms
of the compressive strength at atmospheric pressure, U^ , and the confining 
pressure, by an equation of the form,
O^f =   (9.1)
where k^  ranges from about 5.7 for conventional concretes with a w/c ratio 
of 0.55; to about 4.5 for conventional concretes with a w/c ratio of 0.71. 
The absolute gain in strength produced by a given confining pressure rises 
with the uniaxial strength of the concrete (and hence with a decrease in 
w/c ratio), however examination of the results given in Figure 9.2 shows 
that the proportional gain in strength decreases as the uniaxial strength 
goes up. In other words weaker concretes benefit from a confining pressure 
more than stronger ones and therefore the relative differences in strength 
between concretes are most marked at atmospheric pressure.
Equation 9.1 only approximately fits the results because, for each of 
the concretes tested, the slope of the axial failure stress versus confining
pressure curve decreases as the confining pressure goes up.
The application of a confining pressure to paste specimens results in 
much smaller increases in strength than are observed with the comparable 
conventional concrete specimens. This is illustrated in Figure 9.3 a and b 
where the behaviour of the pastes and low slump concretes are compared.
The behaviour of the concretes tested with an aggregate volume concentration 
of approximately 0,4 and w/c ratios of 0.35 and 0,47 is similar to that 
shown by the conventional concretes, but the behaviour of the concretes 
tested with an aggregate volume concentration of approximately 0.4 and 
w/c ratios of 0,59 and 0,71 is intermediate between that of the comparable 
conventional concretes and their pastes. Since the general behaviour of 
the conventional concretes and their pastes is not the same, it follows, 
either that the role of the aggregate particles in the failure process is 
related to confining pressure or, alternatively, that the manner in which 
the paste fraction fails in a confined concrete specimen is different from 
that in an unconfined concrete specimen.
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The influence of aggregate volume concentration on the strength in 
triaxial compression is illustrated in Figure 9.4 a to d. The strength of 
the concretes tested goes up as the aggregate volume concentration is 
increased from 0,40 and the influence of aggregate volume concentration on 
strength becomes more marked as the confining pressure and the water/cement 
ratio are increased.
In Chapters 6 and 7 it was suggested that failure of concrete in 
uniaxial compression results from localised failure of the paste phase close 
to the aggregate particles. It was shown that the longitudinal stress in 
the paste at the paste-aggregate interface may be given by
<5 ■ f .  ^  ____________
- Sp) \  \
and that the average stress in the paste phase may be given by
05 - " __________
I'. - 'p) \  • ‘p * \
where E and E^ are the Young's moduli of the paste and aggregate phases,
is the aggregate volume concentration and(T"is the applied uniaxial stress.
It follows from these equations that can be up to twice as high as 
cr . Thus if it is assumed that paste failure in a restrained concrete 
specimen occurs when some average condition is reached in the paste phase, 
then it would be expected that the application of a confining pressure to 
a concrete specimen would produce a more dramatic increase in strength than 
that for a comparable paste specimen. For example if the average stress in 
the paste phase induces failure rather than the localised stress (3^  
then this could double the uniaxial compressive strength of the concrete.
Thus, if the increase in strength for a restrained paste specimen isk 
then the maximum expected increase for a concrete specimen with the same 
w/c ratio would be + k where is the uniaxial compressive strength
of the concrete specimen. However such a change in the mode of failure of
the paste phase can only account for part of the observed differences in
strength behaviour for the higher w/c ratio concretes and pastes tested.
It is therefore suggested that failure of concrete subject to triaxial 
compression is dependent not only on paste strength but also upon the internal 
frictional relationships between the paste and aggregate phases.
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9.4.2. Minimum volume stress
An alternative measure of strength to that discussed so far is the 
minimum volume stress, the stress at which the volumetric strain
starts to increase. The influence of mix proportions and specimen age on 
the minimum volume stress obtained in triaxial compression tests on concrete 
specimens with w/c ratios of 0,55 and 0.71 is shown in Figures 9.6 a and b, 
and 9.7.
The volume of the paste specimens, apart from a few low w/c ratio 
specimens tested at confining pressures of 5 and 15 h/mm^, decreased 
continuously up to failure. For the few exceptions the ratio of the minimum 
volume stress to the failure stress was approximately 0,95.
The ratio of the minimum volume stress to the failure stress, for 
the concretes tested, ranges from about 0.7 to 0,95 and is approximately 
independent of confining pressure, mix proportions and specimen age. The 
influence of these 5 parameters on minimum volume stress is, therefore, 
probably similar to their influence on failure stress,
9.4.3. Stress-strain behaviour
The influence of mix proportions on the stress-strain behaviour in 
triaxial compression, for specimens tested at an age of 56 days, is 
illustrated in Figures 9.8 a to d and Figures 9.9 a to d. The stress plotted 
is the "differential" stress, namely ( <3^  - , and the strains plotted
are the observed strains produced by the stress The variation ■
of the observed stress-lateral strain behaviour for nominally the same 
specimens was greater than the variation in their observed stress - 
longitudinal strain behaviour, F'or example, the coefficient of variation of 
the mean lateral failure strain was on average 0.26 whilst the coefficient 
of variation of the mean longitudinal failure strain was on average 0,14.
The volumetric strain which is produced by the hydrostatic stress
= <32 “ <3^ ; varies by a factor of 4 to 5 and has been shown to
increase as the aggregate volume concentration goes down and as the w/c 
ratio goes up (see Chapter 6 sections 6,2,1 and 6,5.2,l),
The application of the confining pressures results in large increases 
in the strains sustained by the specimens prior to failure (see Figures 9.8
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and 9.9). The application of a confining pressure to the paste and 
concrete specimens increases the stiffness of specimens with a w/c ratio 
of 0.55 and reduces the stiffness of specimens with w/c ratios of 0.59 and 
0 ,7 1.■ The increase in Young's modulus at low values of the differential 
stress, exp - CÇ, induced hy a confining pressure of 15 h/mm^ was 
approximately 25 per cent for both the paste and concrete specimens with 
a w/c ratio of 0.55, whilst the reduction for the specimens with a w/c 
ratio of 0.59 was approximately 25 per cent. It can therefore be argued 
that changes in aggregate volume concentration produce similar proportional 
changes in Young's modulus at <3^  - 0, <3^  = 5 and C3^ = 15 N/mm^.
Thus the expression for the Young's modulus of concrete given in Chapter 6 
(equation 6,10), which was shown to be applicable to concrete subject to 
uniaxial compression, is equally applicable to restrained concrete specimens 
subject to low "differential" stresses, provided of course that the confining 
pressure is constant.
At all confining pressures the concrete and paste specimens compact or 
consolidate under increasing load (see Figures 9.9 a - d), but this does 
not correspond with an increase in stiffness (see Figures 9.8 a to d). All 
of the 0.71 w/c ratio specimens, tested at a confining pressure of 15 h/mm^, 
compacted to such an extent during loading that the surface of the specimens 
and the loading platens became wet. Figure 9.10 shows the surface of a paste 
specimen with a w/c ratio of 0,71 which had been tested at a confining 
pressure of 15 h/mm^. The ends of this specimen "flowed" into the drainage 
channels of the loading platens.
As concrete ages there is a small increase in both stiffness and 
strength, and possibly also a reduction in failure strain. This is illustrated 
in Figure 9.11 for specimens with a w/c ratio of 0,55.
In Figures 9.12 a to d the observed longitudinal failure strain induced 
by the stress, - <3^ , is shown plotted against confining pressure for
the 56 day old concretes and pastes tested. The longitudinal failure strain 
increases as the confining pressure is increased and as the w/c ratio is 
increased. At atmospheric pressure the longitudinal failure strain for the 
concretes tested ranges from 0,2 to 0,55 per cent whilst at a confining 
pressure of 15 h/mm^ it ranges from 0,95 to 2,25 per cent. The failure 
strains obtained in uniaxial compression are dependent upon aggregate volume 
concentration (see Chapter 6, sections 6,2,4 and 6,5.2,4 ) but the failure
100 -
strain for the restrained specimens is to a first approximation independent 
of aggregate volume concentration (Figure 9.12).
In Figure 9.13 the longitudinal failure strain, obtained by averaging 
the results for concretes with each w/c ratio, is shown plotted against 
confining pressure. The average longitudinal failure strain may be 
expressed approximately in terms of w/c and by the equation
(o/w) + ky
+ (k^  w - k^)
 ^ (micro-strain) ..........(9.2)
where ^  is the longitudinal failure strain produced by the stress 
C3]f - CXg (in N/mm^), k^ is taken to be 2500 for all the concretes tested, 
k^ = 8900, k^ = 2800, k^ = 0.40 and kg = 0.06, The magnitudes of k_, k^, 
kg and kg were obtained by the method of least squares. Equation 9.2 is 
shown fitted to the results in Figure 9.13®
In Figures 9.14 a and b ( <3^  - <3^ ) / ( - CTg) is shown plotted
against G/Sp for specimens tested at confining pressures of 5 and 15 N/mm^, 
where S  is the longitudinal strain induced by the stress Oj" -C5g. A 
comparison of Figure 9.14 with Figure 6,6 of Chapter 6 shows that the stress - 
longitudinal strain curves for the restrained specimens depart further from 
linearity than for the unrestrained specimens. At atmospheric pressure and 
at a confining pressure of 5 h/mm^ the departure from linearity goes up as 
the w/c ratio of the concrete and paste specimens is increased. However, 
at a confining pressure.of 15 N/mm^ the non-linearity of the stress-strain 
curve is, apart from the concrete specimens with a w/c ratio of 0,71? 
independent of w/c ratio (see Figure 9.14b), The 0.71 w/c ratio concretes 
were probably compacted by the relatively high confining pressure and 
consequently exhibited a smaller departure from linearity than the other 
concretes tested.
In Chapter 6 it was shown that the stress-longitudinal strain behaviour, 
of the concrete specimens tested at atmospheric pressure, could be represented 
by
1 + 2 E (l - )
2 c ^
ex' = s
CSif
(9.3)
An empirical equation which approximately fits the stress-longitudinal
— 101 —
strain curves obtained on the restrained concrete specimens is
\ ^ f /  (See Figure 9.14)....... (9,4)
Equation 9.4 is similar to one of the equations given by Popovics (l970) 
in his review paper of the stress-strain relationships for concrete. An 
alternative equation which gives a closer fit to the results is
cr^ f -CTg
1
^f •••o«e«»(9.5)
Equation 9.5 is illustrated in Figure 9.15 for various values of k^.
The approximate magnitudes of k^ for the concretes tested are given in
Table 9.4.
In order to obtain a general expression for the stress-longitudinal 
strain behaviour of restrained concrete specimens it is necessary to substitute 
for and ^  in equation 9.5. For the particular range of concretes
tested and ^  are given by equations 9.1 and 9.2 respectively.
The influence of mix proportions on the stress-longitudinal strain 
behaviour of a number of the restrained concrete specimens tested is illustrated 
in Figure 9.16 together with the predicted stress-longitudinal strain curves 
obtained by combining equations 9.1, 9.2 and 9.5. k^  was taken to be 4.8 
(see section 9.7) and the magnitudes of k^ chosen were the same as those given 
in Table 9.4. The agreement between the observed and the "predicted" 
stress-strain curves is reasonable.
No attempt is made in the present work to express the lateral strain
as a function of the longitudinal strain due to the relatively high
variation in the lateral strain behaviour. However in Figure 9.17 the 
lateral strain is shown plotted against the longitudinal strain for concrete 
specimens tested at a confining pressure of 15 N/mm^, The results plotted 
indicate that the relationship between the lateral and longitudinal strains, 
at a confining pressure of 15 N/mm^, may be dependent on w/c ratio since it 
was found that the lateral strain, at a given longitudinal strain, decreased 
as the w/c ratio was increased. No similar dependence of the lateral- 
longitudinal strain relationship upon w/c ratio is apparent from the results 
obtained at atmospheric pressure or from the results obtained at a confining
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pressure of 5 N/nnn ,
TABLE 9.4.
APPROXIMATE VALUE OF ky FOR THE CONCRETES TESTED
Water/cement
ratio
k7
Confining pressure 
5 N/mm
Confining pressure 
1 5 N/mm^
0,35 2 3 to 4
0,47 3 3 to 4
0.59 4 3 to 4
0,71 5 2
9.5 EXTENSION RESULTS
In the previous section it was shown that proportional differences in
strength between different concretes, tested in triaxial compression, are most
marked at atmospheric pressure. It can therefore be argued that the greatest"'
difference in strength between the triaxial and extension results will occur
when tends to zero.
3
In Figure 9*5 a and b the results obtained on dumb-bell specimens 
tested in extension at low <5^ , are shown plotted as solid symbols. The 
results plotted are the means of 2 or 3 observations (see also Appendix B),
The extension test results lie on or close to the triaxial compression 
failure curves. A similar conclusion was reached in the previous chapter (see 
section 8.4.2.2.) from tests on wet cylinders of concrete. It therefore 
follows that the magnitude of the intermediate principal stress may have an 
insignificant influence on the failure stress. However, this conclusion 
should be treated with some caution because firstly the two stress systems 
are not strictly comparable, since in triaxial compression CTj acts through . 
steel platens while in extension CXj' acts through a flexible membrane, 
secondly, the criterion of failure for concrete may be such that <3^  ^is 
the same when two of the principal stresses are equal and thirdly the concrete 
specimens may exhibit strength anisotropy because weaknesses aligned in a 
plane perpendicular to the cylinder axis are probably formed during casting 
and setting due to such factors as bleeding, the collection of air voids 
around the aggregate particles and directional settlement of the aggregate 
particles,
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9.6 BIAXIAL COMPRESSION
A comparison of the triaxial compression results and the extension 
results obtained on concrete at low showed that the strength in equal 
biaxial compression is the same as the strength in uniaxial compression.
Thus for and = 0, This result is in agreement
with the condition that at failure the elastic strain energy of distortion 
reaches a constant value, namely
( " ^ f " ^ f " ^ f ^  constant
........ .(9.6)
The above criterion predicts a small increase in at low and a
small decrease in C3||. at high The maximum predicted increase in
over is about 15 per cent. However, the elastic strain energy of 
distortion criterion is not in agreement with the triaxial compression results 
and is therefore unlikely to be applicable to concrete in biaxial compression. 
It is therefore suggested that in biaxial compression the magnitude of 
probably has little influence on the failure stress, and consequently
the strength in biaxial compression may be taken to be given by
 --'(9-7)
9.7 FAILURE CRITERION FOR MULTIAXIAL COMPRESSION
In Figure 9.18 C^^/u^ is shown plotted against (3^^/u^ for all the 
multiaxial compression results given in the previous sections and in 
Figure 9.19 QJ'y^ U^  is shown plotted against where is the minimum
principal stress corresponding to
The failure stress, for the conventional concretes tested may
be expressed in terms of U^ and by the equation
= 1 + (4.80 + 0.06)
 (9-8)
The minimum volume stress, for the conventional concretes tested may
be expressed in terms of U^ and by the equation
■ ^  = 0.86 + (5.99 ± 0.11 ) _Tlz
......... (9.9)
The value of the constant given in equations 9.8 and 9.9 was obtained by the 
method of least squares. The above failure criteria may be taken to be
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applicable to O.P.Go concretes made with flint gravel aggregates where 
^ f  ^  " ^ ^ f  when 15 h/mm^ ^  0, Equations
9.8 and 9.9 are not applicable to the pastes tested or the concretes tested 
with an aggregate volume concentration of approximately 0.4 (see for example 
Figure 9,18).
9.8 TENSION PLUS BIAXIAL COMPRESSION RESULTS
9.8.1 Strength
The effect of mix proportions on the strength in tension plus biaxial 
compression for specimens tested at an age of 56 days is shown in Figures 
9.20 a to d and 9.21. The effect of specimen age on the strength in tension 
plus biaxial compression for the four low slump concretes, is shown in 
Figures 9.22 a to d. The values, apart from the atmospheric results, are 
the means of 2 or 3 observations. The results for the conventional concretes 
are tabulated in Appendix B,
It can be seen from Figures 9.20 to 9.22 that the application of a 
compressive stress at right angles to a tensile stress reduces the tensile 
stress which can be carried by the concretes and pastes, or conversely the 
application of a tensile stress at right angles to a compressive stress 
reduces the compressive stress which can be carried, A given change in 
compressive stress, C^ ', has a larger effect on the tensile stress which can 
be carried for high w/c ratio concretes than for low w/c ratio concretes and 
for concretes than for pastes.
Examination of Figures 9.20 and 9.21 shows that the strength of concrete 
in tension plus biaxial compression increases as the aggregate volume 
concentration is increased and, for concretes with similar aggregate volumes, 
increases as the w/c ratio is reduced. The former point is also illustrated 
in Figure 9.23 where the tensile strengths of dumb-bell specimens with a 
waist diameter of 49.5 mm are shown plotted against aggregate volume 
concentration. The results shown in Figure 9.23 underestimate the influence 
of aggregate volume on tensile strength because the increase in tensile 
strength, as shown, corresponds with an increase in the compressive stress 
acting at right angles to the tensile stress.
As concrete ages the strength in tension plus biaxial compression 
increases (see Figure 9.22 a to d). If the results shown in figure 9.22
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are extrapolated to Oj' = 0 then an estimate of the uniaxial tensile strength 
of the concretes tested is obtained. Examination of the results plotted in 
Figure 9.22 indicate that the proportional increase in the estimated uniaxial 
tensile strength due to ageing may be similar to the proportional increase 
in compressive strength at atmospheric pressure.
Changes in w/c ratio only have a small influence on the estimated 
tensile strength. For example, the ratio of the estimated uniaxial tensile 
strengths for the low slump concretes with w/c ratios of 0.35 and 0,71 is 
approximately 1.20 (see Figure.9.22); the corresponding ratio for the 
compressive strength at atmospheric pressure is 2,50 which is similar to the 
estimated uniaxial tensile strength ratio for the comparable pastes (see 
Figure 9o20). These results provide further evidence for the suggestion made 
in Chapter 4 that failure of concrete in compression is governed by paste 
strength whilst failure of concrete in tension is governed by the aggregate 
paste bond strength, ( Paste strength is dependent primarily on its solid 
volume fraction whilst bond strength is probably dependent on hydrate volume 
fraction. Because at high w/c ratios a greater proportion of cement clinker 
hydrates than at low w/c ratios, it follows, that changes in w/c ratio will 
have a smaller influence on hydrate volume fraction than on solid volume 
fraction ),
9,7.2. Stress-strain behaviour
The stress-strain behaviour of paste and low slump concrete, with w/c 
ratios of 0.35 and 0,59, loaded in tension plus biaxial compression are 
compared in Figures 9.24a and b. The results plotted were obtained on 56 day 
old specimens with waist diameters of 49.5 and 52,1 mm. The ratio of the 
tensile stress, to compressive stress, , was approximately 0.21 for
specimens with a waist diameter of 49.5 mm and approximately 0.10 for specimens 
with a waist diameter of 52,1 mm.
The observed lateral and longitudinal strains at failure are both 
approximately 500
, Because all 3 principal stresses are changing continuously throughout the 
test it is difficult to obtain estimates of Young's moduli from the results,
For example, if the principal of superposition holds for concrete subject to 
low stresses then the longitudinal strain is given by
^  ^  R' (since = <3^ )  (9.10).
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and the lateral strain is given by
= e  = H i  - ^  ^ 3   (9.11)
where and are the Young's moduli of concrete in compression and tension 
respectively and *9^  and are the Poisson's ratio of concrete in compression 
and tension respectively. There are therefore 4 unknowns. It is possible to 
estimate the 4 unknowns by testing specimens of 2 waist diameters, however 
the estimates are dependent upon the observed strain differences between 
comparable specimens of each waist diameter and are consequently subject to 
appreciable error. As a result no attempt is made in the present work.to 
estimate the elastic moduli. Nevertheless, an estimate of the influence of 
aggregate volume on the "stiffness" in tension plus biaxial compression can 
be obtained by comparing Figure 9.24a with Figure 9.8a and Figure 9.24b 
with Figure 9.8c, The comparison indicates that the proportional change in 
specimen "stiffness" induced by the presence of aggregate particles may be 
similar for specimens subject to tension plus biaxial compression and 
triaxial compression.
The influence of specimen age on the stress-strain behaviour in tension 
plus biaxial compression, for the low slump concrete with a w/c ratio of 
0,47 is illustrated in Figure 9.25. The results shown were obtained on 
specimens with a waist diameter of 52,1 mm. The lateral and longitudinal 
"stiffness" of the specimens tested increases with age, but for specimens 
older than 28 days the increase is only marginal,
9.9. A GENERAL FAILURE CRITERION
The combined results obtained for each concrete in triaxial compression, 
extension (where applicable) and tension plus biaxial compression may be 
represented by
+ 1 (9.12)
where U^ is the estimated uniaxial tensile strength and kg is a constant.
In Figure 9.26 equation 9.12 is shown fitted to the triaxial compression 
results which were obtained on conventional concretes tested at an age of 
56 days, whilst in Figures 9.21 and 9.22 equation 9.12 is shown fitted to 
the tension-biaxial compression results which were obtained on the low slump
- 107 -
concretes. Examination of these Figures shows that equation 9.12 gives 
a reasonable fit to the results except for the paste specimens. The 
magnitude of the constants and kg, obtained by successive approximations 
using a method of least squares fit, are given in Table 9.5. The estimated 
uniaxial tensile strength, U^ , increases dramatically as the aggregate volume 
concentration is increased and also increases as the specimens age and as 
the w/c ratio is reduced (Table 9.5).
For the conventional concretes tested, kg goes down as increases 
(Figure 9.2?). For the conventional concretes tested kg may be expressed 
in terms of by the equation
kg = 7.7^± 0.6 + (0.40 + 0.02) ......... (9.13)
where is in h/mm^. The values of the constants given in this equation
were obtained by the method of least squares. Equation 9.13 is not applicable 
to the pastes tested nor to the concretes tested with an aggregate volume 
concentration of approximately 0.4 (see Figure 9.27).
For the conventional concretes tested U, increases as U increasest c
(Figure 9.28), and for these concretes U.^ may be expressed in terms of 
by the equation
U.^ = (0.018 + 0.004) + (2.30 + 0.14) ..........(9.14)
where U.^ and are in N/mm . The constants in this equation were obtained
by the method of least squares. By substituting equations 9.13 and 9.14 into 
equation 9.12 the general failure criterion for the conventional concretes 
tested becomes
-r (7.7/ïï ) + 0.40
  + 1
0.018 U + 2.30
C
(9.15)
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TABLE 9.5
THE MAGNITUDE OF U^, U.^  AND kg FOR THE PASTES AND CONCRETES TESTED
Specimen description
Age 
(days)
Uniaxial 
Compressive 
Strength.; U 
(N/mm^) ^
Uniaxial 
Tensile 
Strength. 
U^  (N/mm^)
Water/
cement
ratio
Aggregate , 
Volume
Concentration
0.35 . 0 56 78.1 1.4 0.21
0.35 0.42 56 51.0 3.1 0.54
0.35 0.52 56 57.5 3.0 0.50
0.35 0.66 14 46.9 3.1 0.55
0.35 0.66 28 52.4 3.1 0,54
0.35 0,66 56 54.9 3.2 0.54
0.55 0,66 112 56.5 3.4 0,56
0.47 0 56 46,6 0.8 0.16
0.47 0.41 . 56 28.8 2,2 0.55
0.47 0,66 56 41.4 3.1 0.5Ï
0.47 0,70 14 33.9 2.7 0.59
0.47 0.70 ' 28 39.6 3.3 0.61
0.47 0.70 56 43.4 3.2 0,57
0.47 0.70 112 46.4 3.6 0.57
0.59 0 56 29.2 0.7 0,15
0.59 0.42 56 22.8 1.9 0.37
0.59 0.70 56 30.2 2.8 0.63
0.59 0.75 14 22.5 2.9 0.79
0.59 0,75 28 27.1 2.7 0,70
0.59 0,75 56 31.8 2.7 0.63
0.59 0.75 112 33.7 2.9 0.64
0.71 0 56 18.8 0.7 0.20
0.71 0.41 56 14.0 3.1 0,67
0.71 0.70 56 18.7 2.5 0.73
0.71 0.75 14 15.0 2.4 0.90
0.71 0.75 28 17.9 2,5 0.82
0.71 0.75 56 21.9 2.6 0,74
0.71 0,75 112 22.4 3.2 0.85
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9.10, CONCLUSIONS
Although the following conclusions are only strictly applicable to 
pastes and concretes made using OPC and a flint gravel aggregate, it is 
probable that many of the conclusions will apply generally to concretes that 
contain normal aggregates.
9.10.1. Strength
9.10.1.1. Triaxial compression
(1) The application of a confining pressure to concrete results in large 
increases in strength. Weaker concretes benefit from the application of a 
confining pressure more than stronger ones.
(2 ) The application of a confining pressure to paste specimens results in 
much smaller increases in strength than are obtained on concretes with the 
same w/c ratio.
As concrete ages the strength increases, the increase in strength at a 
given confining pressure is approximately equal to the increase in compressive 
strength at atmospheric pressure,
(4 ) The strength of concrete increases as the aggregate volume concentration 
goes up. The influence of aggregate volume concentration on strength becomes 
more marked as the confining pressure is increased and as the w/c ratio is 
increased.
(5) The ratio of the minimum volume stress to the failure stress, for the 
concretes tested, ranges from approximately 0.70 to 0,95 and is approximately 
independent of confining pressure, mix proportions and specimen age,
9.10.1.2, Extension ■
(6) A comparison of the triaxial compression results and the extension results 
obtained on a few concretes tested at low values of the minor principal 
stress, (5^ , indicates that, at failure, the magnitude of the intermediate 
principal stress, may have little influence on the major principal
stress, O)]^ .
9.10.1.3. Tension plus biaxial compression
(7) The application of a compressive stress at right angles to a tensile 
stress reduces the tensile stress which can be carried by concretes and pastes.
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(s) A given change in compressive stress acting at right angles to the 
tensile stress has a larger effect on the tensile stress which can he 
carried for high w/c concretes than for low w/c concretes and for concretes 
than for pastes.
(9) The strength of concrete in tension plus biaxial compression increases as 
the aggregate volume concentration is increased,
(10) As concrete ages the strength in tension plus biaxial compression 
increases. It is suggested that the proportional increase in the estimated 
uniaxial tensile strength of concrete due to ageing may be similar to the 
proportional increase in the compressive strength at atmospheric pressure.
9.10.1,4. General
(11) The results are in agreement with the suggestion that failure of concrete 
in compression is governed by paste strength and failure of concrete in 
tension is governed by the aggregate paste bond strength.
(12) For the range of conventional concretes tested it was found that the 
major principal stress at failure, <3^ ,^ for concrete in multiaxial compression, 
could be expressed by
= 1 + (4,80 + 0.06)
where is the cylinder compressive strength at atmospheric pressure and 
is the minor principal stress at failure.pi
(13) For each of the concretes tested it was found that the major principal 
stress at failure in multiaxial compression and in tension plus biaxial
compression could be expressed by
T k
+ 1
8
where is the estimated uniaxial tensile strength. For the range of 
conventional concretes tested it was found that and the exponent kg could 
be expressed in terms of by the following equations
t
and
U. = (O.OI8 + 0.004) U + (2 .3 + 0.1 )
^8 " - O'G + ( 0 .40 + 0 .0 2 )
^c
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where U, and U are in N/mm^, t c
9.10,2. Stress-strain behaviour in triaxial compression
(14) The application of a confining pressure to concrete and paste increases 
the stiffness of specimens with a w/c ratio of 0.35, and reduces the 
stiffness of specimens with w/c ratios of 0.59 and 0.71.
(15) Changes in aggregate volume concentration produce similar proportional 
changes in the Young's modulus of concrete at each of the confining pressures 
employed.
(16) The strains sustained by the specimens prior to failure increase with 
confining pressure and w/c ratio. For concrete specimens with a w/c ratio 
of 0.71 the failures strains were increased 8 fold by a confining pressure 
of 15 n/ 2mm
(17) The stress-longitudinal strain curves for restrained specimens depart 
further from linearity than those for unrestrained specimens.
(is) The stress-longitudinal strain curves for the restrained specimens may 
be represented approximately by
~ = ( 1 - _E.
CXff ^
where^is the longitudinal strain produced by the "differential" stress 
CTj- - C^. The exponent 
ratio and ranges from 2 to 5.
Oi k^ is dependent on confining pressure and on w/c
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CHAPTER 10
SOME PRACTICAL IMPLICATIONS
10.1. A METHOD OF PREDICTING THE COMPRESSIVE STRENGTH OF A RANGE 
OF CONCRETES FROM TESTS ON A SINGLE CONCRETE
In Chapter 7 a general expression is obtained for the dependence 
of compressive strength on water/cement ratio, aggregate volume 
concentration and maximum aggregate size, namely 
_  , 1  +  V , f(w/o)
f 1 2  (10.1 )
where k. and k_ are constants, V is the aggregate volume concentration,
1 S> a
X is a material constant, V^^ is the average volume of each aggregate 
particle in the top size fraction and w/c is the water/cement ratio.
Equation 10.1 is applicable to concretes made from natural aggregates 
and the form of the expression is independent of cement type and aggregate 
type.
In Chapter 7 it is shown that the best-fitting equation for the 
28 day cube strengths of the range of concretes and mortars tested is 
given by
Of. = 237 (l + T ) (3.84 z 10^9 y )-(0.043 w/o + 0.011)
 ^  ^  (10.2)
where V^^^ is the equivalent discrete aggregate top size as given in 
Table 7.1•
In Table 10.1 the 28 day cube strength predicted by equation 10.2
is given for 13 w/c ratios, 7 aggregate volume concentrations and 3
maximum aggregate particle sizes. For ease of presentation the 28 day 
cube strength of concrete with a w/c ratio of 0.59, an aggregate volume 
concentration of 0.65 and a maximum aggregate size of 1 9 nim is taken to 
be 1,
If the 28 day strength of one concrete is known, then it may be
possible to obtain a reasonable estimate of the 28 day strength of other
concretes made from the same materials either by using equation 10.2 or 
by using the information in Table 10.1. For example, if the 28 day 
compressive strength of a concrete for which w/c = 0.47, V^ = 0.60
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TABLE 10.1
RELATIVE COMPRESSIVE STRENGTHS AT 28 DAYS FOR 
DIFFERENT MIXES PREDICTED FROM EQUATION 10.2 ^
Water/ Aggregate volume concentration
cement
ratio 0.50 0.55 0.60 0.65
Maximum aggregate size (mm)
5 10 19 5 10 19 5 10 19 5 10 19
0.35 2.02 1.91 1.81 2.09 1.98 1.87 2.15 2.04 1.93 2.22 2.10 1.99
0.38 1.87 1,77 1.67 1.94 1.83 1.73 2.00 1.89 1 .78 2.06 1.95 1.84
0.41 1 .73 1 .63 1.53 1.78 1.68 1 .58 1.84 1.74 1.63 1 .90 1 .79 1 .69
0.44 1 .59 1 .49 1 .41 1.65 1.54 1.45 1.70 1.59 1.50 1.75 1.64 1.55
0.47 1.47 1.37 1.29 1.52 1.42 1.33 1.56 1.47 1.37 1.61 1.51 1.42
0.50 1.35 1.26 1 .18 1.40 1.31 1.22 1.44 1.35 1.26 1.49 1.39 1.30
0.53 1.25 1.16 1.08 1.29 1.20 1.12 1.33 1.24 1.15 1.37 1.28 1.19
0.56 1.15 1 .07 0.99 1.19 1.10 1.03 1.22 1.14 1.06 1.26 1.17 1.09
0.59 1.06 0.98 0.91 1.09 1.01 0.94 1.13 1.05 0.97 1.16 1.08 1.00
0.62 0.97 0.90 0.83 1.01 0.93 0.86 1.04 0.96 0.89 1.07 0.99 0.92
0.65 0.90 0.83 0.76 0.93 0.86 0.79 0.96 0.88 0.82 0.99 0.91 0.84
0,68 0.83 0.77 0.70 0.86 0.79 0.73 0.89 0.82 0.75 0.92 0.84 0.78
0.71 0.77 0.70 0.65 0.79 0.73 0.67 0.82 0.75 0.69 0,85 0.78 0.71
A number of mixes given in the above Table are not 
practical mixes particularly those in the lower left hand 
corner.
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TABLE 10.1 (continued)
RELATIVE COMPRESSIVE STRENGTHS AT 28 DAYS FOR 
DIFFERENT MIXES PREDICTED FROM EQUATION 10.2 ^
Water/
cement
ratio
Aggregate volume concentration
0.70 0.75 0.80
Maximum aggregate size (mm)
5 10 19 5 10 19 5 10 19
0.35 2.29 2.17 2.05 2.56 2.25 2.11 2.42 2.29 2.18
0.38 2.12 2.01 1.90 2.19 2.07 1.95^ 2.25 2.12 2.01
0.41 1.96 1.84 1.74 2.01 1.90 1.79 2.07 1.95 1.84
0,44 1 .81 1.69 1.59 1.86 1.74 1.64 1.91 1.79 1.69
0.47- 1.66 1.56 1.46 1.71 1.60 1.50 1.76 1 .65 1.55
0.50 1.53 1.43 1.34 1.58 1.47 1.38 1.62 1.52 1.42
0.53 1.41 1.32 1.25 1.45 1.35 1.26 1.49 1.39 1.30
0.56 1.30 1 .21 1.13 1.34 1.25 1.16 1.38 1.28 1.19
0.59 1.20 1.11 1.03 1.25 1.14 1 .06 1.27 1.18 1.09
0.62 1.10 1 .02 0.94 1.14 1.05 0.97 1.17 1.08 1 .00
0,65 1.02 0.94 0.87 1.05 0.97 0.89 1.08 0.99 0.92
0,68 0.94 0.87 0.80 0.97 0.89 0.82 1.00 0.92 0.85
0.71 0.87 0.80 0.73 0.90 0.82 0.75 0.92 0.85 0.78
A number of mixes given in the above Table are not 
practical mixes particularly those in the upper right hand 
corner.
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and the maximum aggregate size=10 mm is 1 0 units, then the estimated 28 \
day compressive streiigth of a concrete for which w/c = 0.71, = 0.75 ^
and the maximum aggregate size=19 mm is 10 x 0.75/1 .47 units. The 
information given in Table 10.1 may therefore be of some assistance in 
mix design.
10.2. THE EFFECT OF SMALL CHANGES IN WATER CONTENT. CEMENT CONTENT 
AND CURING AGE ON THE COMPRESSIVE STRENGTH OF CONCRETE
In Chapter 8 it is shown that the mean compressive strength of the 
particular specimens tested can be expressed in terms of specimen 
curing age, t, by an equation of the form
"=f = /I -  (10.3)
where T  ^ t  ^56 days and %  and ^  are constants* An equation similar 
to equation 10,3 is
«Ï = î i A  <■ * V  ■ .........
since this can be written for constant mix proportions as
= ’"13“ ^   (10,5)
where (l +
■13 2
and k^^ = k^   ^  ^ ^ ^  z.f(w/c) In (kj\i-)
If f(w/c) can be represented by an equation similar in form to 
equation 7.24b (Chapter 7), equation 10*4 becomes
^  ( V a t  )"  ^ 6 («/“ >]
where k., _ and k, ^ are constants. For constant V and V , , equation 
15 1 o a at
10,6 reduces to
^ ly lo ^  (10.7)
where k^^ is a constant.
It is possible to make a number of predictions of the effects of 
small changes in t, w, or c upon the strength from equation 10.7 by
- 116 -
using the relationship
So- =0= St 6% S'lO , è(SèSa
• - P  - - -  -  r i - - - -  +  — - P ,  ^  . . . . . . . . . (10.8)
oX- 6 CO d c
Thus
=  [ks +  kk  ^  k v  —  k ,6 i n . l ^ ^ h < o / c t
+  In-lcjyAcy^^t ......... (10.9)
From an examination of equation 10*9 the following conclusions 
can he drawn:
(1) The relative change in strength, A  oj./ produced hy a change
in curing age, + At, increases as the w/c ratio increases,
(2 ) The relative change in strength, A < ^ /  produced hy a change
in water content +, A  w, is independent of water content and is inversely 
proportional to cement content,
(3) The relative change in strength, A <^/ produced hy a change
in cement content, + A ^  is proportional to the ratio w/c^. Thus, for
a given value of c, the relative change in strength produced hy a change 
+ A c  is proportional to water content whilst if w is constant the 
relative change in strength produced hy a change + A  c is inversely 
proportional to the square of the cement content.
(4 ) The relative change in strength, A  C^/ <^, produced hy changes 
At, A w or A c  decreases with increasing curing age,
10,3. CONCRETE FAILURE CRITERIA FOR USE IN DESIGN
10,3,1. Multiaxial compression
For the range of conventional concretes tested it was found that
when concrete was subject to multiaxial compression, the major principal 
stress at failure and at minimum volume, , could be expressed
by
0 )-f = + (4 .8 0 + 0.06) 0 ^^................ ........ (10.10)
and
= 0 .86 Og + (3.99 + 0 .11).................... ....... (10.11)
where U^ is the compressive strength at atmospheric pressure and
and are the minor principal stresses at failure and at minimum
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volime respectively. For use in design it is recommended that, the 
lower hounds of these equations he used, namely
and
Off = Ug + 4.7  (10.12)
07 = 0.8 U + 3.8C57 (in oomrentional triaxial1V c ^v
compression  ...,.(10.13)
The constants in equations 10,12 and 10,13 have also heen rounded
down.
Calculation of design stress data using equations 10.12 and 10.13 
should he considerably simpler than calculations made from 3 dimensional 
plots of failure surfaces. Design stress limits for multiaxial compression 
hased on 3 dimensional plots of failure surfaces for concrete have heen 
proposed hy Hannant and Frederick (1968), Newman and Newman (1969), Lewis 
and Carmichael (l970) and Janda (l970).
In Figure 10.1 the failure criterion represented hy equation 10.13
is shown plotted for various values of U^.
The current approach to design stress limits is to apply safety 
factors to the loads on the structure and compute the stresses within the 
'Structure allowing for inelasticity of the concrete where applicable 
(Cranston, 197l). A more scientific approach (hut less practicable, at 
least, in the forseeahle future) is to determine the stresses in the 
structure induced hy the applied loads and apply safety factors to the 
stresses Oj* and However, the determination of the stresses within
a structure is extremely difficult primarily because of the complex 
geometry of a normal structure and also because a more complete understanding 
of the stress-strain behaviour of concrete under multiaxial compression is 
required than is presented in this thesis.
Let he the safety factor for the failure criterion, thus
= 4 ^  + )   (10.14)
Equation 10.14 allows for the possibility of understrength concrete being 
used. Alternatively a safety factor may he applied to the uniaxial
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compressive strength only. However, it is considered that this is 
inadvisable because, firstly it leads to a variable strength safety 
factor and, secondly it was observed that the application of confining 
pressure to a paste specimen resulted in a smaller increase in strength 
than for a concrete specimen* (see Chapter 9).
Let us now assume that the stresses in the proposed concrete 
structure are known for the most unfavourable combinations of load which 
may occur during the life of the structure. Let S.j and be the safety 
factors for the predicted stresses, (5^  and respectively in the 
proposed structure. The stresses used to assess whether the structure 
is safe or unsafe are then and (s.j and since
the structure is less safe at higher values of and lower values of 
The design stress limits are obtained from
S 0 .8  u + 3.8
S.
'f ~f 3 .......
and the concrete in the structure is assessed as being safe when
0,8 n.
(10.15)
+
3 .8 a j
Sj. Sj (10 .16 )
10,3.2, A General Failure Criterion
For the range of conventional flint gravel aggregate concretes 
tested it was found that the strength in multiaxial compression and in 
tension plus biaxial compression could be expressed by
|7.7±0.6)/U^ +0.40+0 .02
......... (10.17)
^ f
O^f
0.018+0.004) n +2 , 30+ 0.14
+ 1
This equation is also applicable to tension plus uniaxial compression.
For use in design it is suggested that the lower bound of this equation be 
used, namely
^ f  “ ^c ^ f + 10.014 Ug + 2,16
(7 .1/u^) + 0,38
 ....... ,(10.18)
In Figure 10,2 the failure criterion represented by equation 10.18 is
shown plotted for various values of U^,
35 It can be argued that because failure of a concrete specimen results 
from failure of the paste phase the long term gain in strength due to 
restraint may not be as pronounced as that given by equation 10,13.
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CHAPTER 11
MAIN CONCLUSIONS
•; 1.1 . INTRODUCTION
The experiments reported in this Thesis were restricted to O.P.C, 
concretes made using Thames Valley flint gravel. The water/cement 
ratios of the concretes tested ranged from 0.35 to 0,71 and their ages 
ranged from 7 to 112 days. The conclusions resulting from the experiments 
are only strictly applicable to the concretes tested but it is considered 
that similar results are probable for other conventional concretes,
11.2. BEHAVIOUR OF CONCRETE IN UNIAXIAL COMPRESSION
(l) A simple theoretical approach has been used to predict the dependence 
of a number of physical properties of concrete upon those of the paste and 
aggregate phases, and the aggregate volume concentration, V^, The theory 
predicts that the Young's modulus of concrete is given by
2 V
P
1 + - V
E + E - V  (Ë - E ) a p a ' a p^
and that the compressive strength of normal concretes increases with 
increasing aggregate volume concentration. (E  ^and E^ are the Young's 
moduli of the paste and aggregate phases).
(2 ) The theoretical predictions given in conclusion 1 are in general 
agreement with the results obtained on 56 day old concretes. Changing the 
aggregate volume concentration from say 0,6 (high slump) to 0,7 (low slump), 
keeping the w/c ratio constant, increases the Young's modulus by about
20 per cent, and the compressive strength by about 10 per cent.
(3 ) The stress-longitudinal strain curves for the concretes tested are 
approximately fitted by
1 w
where 0  is the strain at an applied stress CT; is the failure strain 
and the failure stress,
(4 ) A statistical theory of failure, based on the work of Weibull (l939),
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Daniels (1945) and Jellinek (1958), has been used to predict the 
dependence of compressive strength on mix proportions and aggregate 
grading. The theory predicts that the mean compressive strength of 
concrete and mortars is given by
C Ç  =  (1 +  T ^ )  ( ^ 3  ^ a t )
where k. and k„ are constants, x is a material constant and V , is 1 3  o at
the average volume of each aggregate particle in the top size fraction.
When V and V , are constant and when a at
f (w/c) = k^ + k^ (w/c)
where k^ and k^ are constants, the predicted equation simplifies to Abram’s 
rule.
(5 ) It is shown that the strength results, obtained on a range of 28 day 
old concretes, may be closely fitted by an equation of the form given in 
conclusion 4 . Increasing the aggregate top size from 5 (low slump) to
19 mm (high slump) for low w/c concretes reduced the strength by about 
11 per cent whilst for high w/c concretes the strength was reduced by 
about 17 per cent.
11.3. BEHAVIOUR OF CONCRETE UNDER MULTIAXIAL STRESS
(6) The application of a confining pressure to concrete results in large 
increases in the compressive stress and strains which the concrete can 
withstand prior to failure.
(7 ) The Young’s modulus of concrete in multiaxial compression at low 
values of - <5^  may be represented by the expression given in 
conclusion 1. ( (Sj- and are the major and minor principal stresses),
(8) The strength theories referred to in conclusions (l ) and (4 ) are not 
applicable to concrete subject to multiaxial compression because failure 
in uniaxial compression is controlled by localised failure of the paste 
phase whilst failure in multiaxial compression results from gross failure 
of the paste phase.
(9) The stress-longitudinal strain curves for concrete subject to 
multiaxial compression depart further from linearity than the curves for 
concrete subject to uniaxial compression. The shape of the stress- 
longitudinal strain curves is dependent on the w/c ratio and the magnitude
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of (5^ .
(10) Changes in aggregate volume concentration give rise to greater 
proportional changes in strength for concrete subject to multiaxial 
compression than for concrete subject to uniaxial compression. For the 
particular concretes tested the tensile strength in tension plus biaxial 
compression increased as the aggregate volume concentration was increased,
(11) The application of a compressive stress at right angles to a tensile 
stress reduces the tensile stress which concrete can carry or conversely 
the application of a tensile stress at right angles to a compressive stress 
reduces the compressive stress which can be carried, A given change in 
compressive stress has a smaller effect on the tensile stress which can
be carried for low w/c concretes than for high w/c concretes,
11.4 . FAILURE CRITERIA FOR CONCRETE SUBJECT TO MULTIAXIAL STRESSES
(12) For the range of concretes which were tested in multiaxial compression, 
it was found that the major principal stress at failure, , and at
minimum volume, could be represented by
‘U f  = ^0 + (4.80 + 0,06) <5^^
and
<3j-^  = 0.85 + (3.99 ± 0.11)
where U^ is the compressive strength at atmospheric pressure and and
are the minor principal stresses at failure and at minimum volume 
respectively. For use in design it is recommended that the lower bounds of 
these equations be used,
(13) For the range of concretes tested it was found that the strength in 
multiaxial compression and in tension plus biaxial compression could be 
represented by
where kg = ( 7.7 “ P.6 )/Uq +0.40 + 0.02 
and U, = (0.018 + 0.004) U^ + 2.30 + 0.14
For use in design it is recommended that the lower bound of this equation 
be used,
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FIGURE 6.1 THEORETICAL PREDICTION OF THE 
EFFEC T OF AGGREGATE VOLUME 
CONCENTRATION ON YOUNG'S MODULUS
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FIGURE 6.2 THEORETICAL PREDICTION OF TH E  
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FIGURE 6 .3  THEORETICAL PREDICTION OF THE 
EFFECT OF AGGREGATE VOLUME  
CONCENTRATION ON FAILURE STRAIN
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FIGURE 6 .4  RELATIO NSHIP  BETWEEN BULK MODULUS 
AND AGGREGATE VOLUME CONCENTRATION
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CONCENTRATION
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STRAIN AND AGGREGATE VOLUME  
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PLUS BIAXIAL COMPRESSION. W /C  0  47, 
Vg 0 70, dw = 5 2  ' 1 mm.
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FfGURE 9.26 COMPARISON BETWEEN THE BEST 
FITTING EQUATION OF THE FORM 
GIVEN BY EQUATION 9.12 AND THE 
TRIAXIAL COMPRESSION RESULTS 
OBTAINED ON CONVENTIONAL CONCRETES
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FIGURE 9 .27  RELATIONSHIP BETWEEN THE POWER k© 
AND THE COMPRESSIVE STRENGTH AT 
ATMOSPHERIC PRESSURE
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FIGURE 9 .2 8  RELATIONSHIP BETWEEN ESTIMATED  
UNIAXIAL TENSILE STRENGTH AND  
COMPRESSIVE STRENGTH AT ATMOSPHERIC 
PRESSURE
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FIGURE 10.2 FAILURE STRESSES FOR VARIOUS VALUES OF Uc
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COffiON NOTATION
The sign convention used is that compressive stresses and 
compressive strains are positive.
CTj* ^  The 3 principal stresses. is the major
principal stress, cy-^ is the intermediate 
principal stress and Oy is the minor principal 
stress.
O ' The average applied uniaxial compressive stress.
Average longitudinal stress induced in the paste 
phase hy the stress CT •
Average longitudinal stress induced in the aggregate 
particles hy the stress <3^ .
Uniaxial compressive strength, compressive strength 
at atmospheric pressure.
Mean uniaxial compressive strength.
Major principal stress at failure,
(3 ^^ Minor principal stress at failure.
Major principal stress at minimum volume.
Minor principal stress at minimum volume,
U^ Estimated uniaxial tensile strength.
Aggregate volume concentration,
¥ Water content hy weight,
c Cement content hy weight,
w/c Water/cement ratio.
E, E^ and E^ Young's moduli of concrete, paste phase and
aggregate phase respectively.
Longitudinal strain induced hy the stress CTor 
the 'differential' stress
Longitudinal failure strain induced hy the stress 
Cr^ or the 'differential' stress ^ - (g..
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APPEUDIX A
DEPEEDENCE OF COMPRESSIVE STRENGTH ON POROSITY
If the strength of a porous solid is governed by the strength of
its weakest unit, the mean strength may be written as
^  = z.  (A.1)
where r is the number of units and and m. are Weibull’s material 
constants (Weibull, 1939).
If failure is a progressive process similar to that which has been 
assumed in Chapter 7, then
<3^  = r-  (a. 2)
The factor l/m can be represented by a term analogous to w/c, namely
the ratio of porosity to solids. Equation A,2 then becomes
eg. = kg r-y/ - y )    (a.3)
where k^ is a material constant. For small values of the porosity,
7^ , equation A3 may be written
^  " ^2 ^  ^  (a.4)
Equation A.3 is shown in Figure A. 1 fitted to some unpublished 
results obtained by C.D. Lawrence (l97l)«
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FIGURE A.I. VARIATION OF COMPRESSIVE STRENGTH WITH 
7 / ( 1  -  7 ). CEM ENT PASTE SPECIM ENS MADE 
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222
APPENDIX B
STRENGTH RESULTS OBTAINED ON THE CONVENTIONAL 
CONCRETES TESTED
The strength results given in Tables B1 to B5 are the mean 
strengths followed by the standard errors of the means. The figures 
in brackets are the number of specimens tested,
TABLE B1
AXIAL FAILURE STRESS IN TRIAXIAL COMPRESSION AT AGE OF 56 DAYS,
HIGH SLIMP CONCRETES
Mix Proportions Axial Failure Stress, CTj (it/imn^ ) at
w/ c Va 0'3f= 0
<31^  = 5 N/mm2 = 1 5 N/nim^
0,35 0.52 57,5 + 1.4 (6) 94.3 ± 0.1 (2) 138.6 + 0 .6 (2 )
0.47 0,66 41.4 ± 1.5 (6) 69.1 + 1.0 (2) 108.7 + 0.7 (2)
0,59 0,70 30.2 + 0.5 (6) 55.9 + 0.9 (2) 97.2 + 0.3 (2 )
0.71 0,70 18.7 + 0.2 (6) 4 1 ,5 ± 0.5 (2) 78.1 + 1 .2 (2) j
is the confining pressure.
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TABLE B2
AXIAL FAILURE STRESS IN TRIAXIAL COMPRESSION. LOW SLUMP CONCRETES
Mix pro;]Dortions Specimen
jge
(days;
Axial failure stress, 0^^(N/mm2) at
w/ c 1/a
0 ^ f = 5 N/mm^ <3^ f 15 N/mm^
0.35 0.66 14 46.9 + 1.8 79.4 ± 2.4 (2) 124.0 + 0.2 (2)
28 52.4 + 2.5 84.1 + 5.7 (2 154.5 + 0.7 (2
56 54.9 + 5.9 4 91.5 + 4.2 (5) 159.8 + 1.9 3112 56.5 i 2.4 (5) 96.0 _+ 2.2 (2) 145.4 2.1 (2)
0.47 0.70 14 55.9 iL 1.2 (6) 58.9 + 0.6 (2) 104.5 + 1.8 (2)
28 59.6 ± 0.7 (6) 65.9 ± 1.5 (2) 114.2 + 0.1 2)
56 45.4 + 0.7 (6) 69.8 + 1.2 116.5 + 1 .2 8112 46.4 + 5.7 (5; 74.9 + 0.8 (2) 119.1 + 1.5
0.59 0.75 14 22.5 ± 0.4 (6) 48.4 + 0.1 (2) 94.9 + 1.2 (2)
28 27.1 + 0.4 (4 55.0 + 0.5 : 99.9 + 1.6 2)56 51.8 + 0.6 (6) 58.4 + 0.3 102.9 + 2.5
112 55.7 0.8 (6) 62.0 + 1.0 (2) 109.7 + 1.1 (2)
0.71 0.75 14 15.0 + 0.6 42.2 + 2.4 (2) 89.2 + 5.5 (2)
28 17.9 + 0.4 4 45.5 + 0.0; 89.2 ± 1.1 (2)56 22.0 + 0.7
(6)
47.9 + 1.7 90.7 + 1 .2 (3;
112 22.4 + 0.5 50.3 + 0.5 (2) 94.5 4* 2.7 (2;
TABLE B3 
"EXTENSION" TEST RESULTS
Mix proportions Specimen
Age
(days)
Confining 
Pressure 
at failure 
OY^(N/mm2)
Axial Stress 
at Failure
(N/mm2)
w/ c
0.59 0.70 56 31 .8 (1 ) 0
0.59 0.75 14 2 4 .4 ± 0 ,0 (2) 0
28 28,2 + 0 ,8 (2) 0.2 + 0.0
56 30.3 + 0,7 (3) 0.1 + 0.0
112 36 ,0 + 0 ,0 (2) 0.5 ± 0.0
0.71 0.70 56 2 3 ,4 (1) 0.7
0.71 0.75 14 19 ,5 ±  0,5 (2) 0.2 + 0.0
28 19 ,0 + 0 ,8 (2 ) 0.1 + 0.0
56 25 ,0 + 1,4 (3) 0.4 + 0.2
112 26,7 + 0 ,0 (2) 0.4 + 0 .0
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TABLE B4
STRENGTH RESULTS OBTAINED IN TENSION PLUS BIAXIAL COMPRESSION 
AT AN AGE OF 56 DAYS. HIGH SLUMP CONCRETES
Mix proi 
w/c
)ortions Confining 
Pressure 
at Failure
Qj-j(n/inm2)
Axial 
Stress 
at Failure 
a^ (^N/inni2)
0.55 0.52 11.8 + 1.0 (3) — 2.6 + 0,2
25.4 i 0.7 (3) ~ 2.4 +, 0.1
0.47 0.66 12,0 ± 0.8 (3) - 2.6 + 0.2
20.0 +1.0 (3) — 2,0 ^ 0.0
30,0 + 8,0 (3) ~ 0.8 + 0.1
0.59 0.70 10,1 + 0,6 (3) — 2.2 + 0.1
17,8 +0,3 (3) - 1 . 8 +  0.0
19,0 (l) - 0.6
0.71 0.70 8,2 + 0,25(2) - 1.8 + 0.1
10,5 +1,9 (3) - 1.5 +0.0
11,7+1,3 (2) - 0.8 + 0.2
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TABLE B5
STRENGTH RESULTS OBTAINED IN TENSION PLUS BIAXIAL COMPRESSION.
LOW SLUMP CONCRETES
Mix proportions
A¥ / C 7:a
Specimen
age
(days)
Confining Pressure 
at Failure 
a"^^(N/mm2)
Axial Stress 
at Failure 
(:Ç^(N/mm2)
0.55 0.66
0.47 0.70
0.59 0.75
0.71 0.75
14
14
14
28
28
28
56
56
56
112
112
112
14
14
14
28
28
28
56
56
56
112
112
112
14
14
14
28
28
56
56
56
112
112
112
14
14
14
28
28
56
56
56
112
112
10.0 +
15.7 I
18.1 i
11.7 ±
15.9 ±
20.4 + 
12.0 +
15.9 +
21.4 +
14.5 i
17.2 i  
22.0 +
6.7 ±  
10.2 + 
15.2 + 
8.0 +
9.6
8.6 
12.8 +
16.4 i  
9.7 ±
14.4 +
2.7 i
2.5 ± 
2.2 +
2.9 i
2.5 ±
2 .3  +
2.9 ±
2.6 + 
2.5 +
2.8 +
3.1 i
2.4 +
2.2 +
2.0 i
1.9 ±
2.5 ±
2.7 ±
2.1 i
2.8 +
2.4 +
2.2 +
3.5 ±
2.9 + 
2.2 +
0.2
0.2
0.1
0.1
0.1
0.2
0.1
0,6
0.1
0.0
0.0
0.1
0 .0
0.2
0.1
0.1
0.2
0.1
0.2
0.2
0.1
0.2
0.2
0,2
1.9 + 0.1
1.5 
0.6
2.1 + 0.1
1.5 + 0,0
2.3 ± 0.1
1.6 + 0 .0  
0.3 + 0.0
2.4 + 0.1 
1.6 +_ 0.1 
0.4
1.4 +_ 0.1 
1,0 _+ 0,0 
0.4 + 0.1 
1,7 + 0.0 
1.1 ^0.0
1 .9 + 0 .0  
1 .3 + 0 .0  
0.6 + 0.2 
2.1 + 0 .0  
1 .4 + 0 .0
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